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CHAPTER 8

Complexity in the Evolution of Public Opinion

Michael McBurnett

Most political phenomena are not static. Presidential campaigns and the elec-
torates’ response to them; the emergence and outbreak of international hostili-
ties; the formation of racial attitudes—all these and more are inherently
dynamic processes.

Be that as it may, we often study such phenomena as though they were
static. Cross-sectional analyses continue to dominate disciplinary research,
for two reasons. First, we typically choose to analyze cross-sectional data.
Exemplary are the many analyses of year-specific surveys of the electorate
during presidential and off-year elections (see Huckfeldt and Sprague 1987;
Cohen et al. 1991; and examples based on specific National Election Studies),
which, it might be noted, represent some of the most sophisticated empirical
work in political science. Second, our methodological training has largely
concentrated on techniques well suited to the analysis of cross-sectional data;
ordinary least squares and its cousins continue to hold sway. Although
scholars increasingly are turning to the analysis of phenomena over time
(Tuma and Hannan 1984; Huckfeldt 1990; Brown 1991), the study of dynamic
processes in a truly dynamic way remains in its infancy.

One of the most foreboding challenges is to identify the complexity that
inevitably characterizes dynamic phenomena (Ford 1986). In the pages that
follow, three methods are used to analyze complex dynamical time series.
First I discuss the phase portrait. Second, the correlation integral is introduced
and applied to a variety of time series. Finally, Lyapunov exponents are used
to illustrate the divergent properties inherent in complex dynamics. I discuss
those methods within the context of the 1984 race for the Democratic nomina-
tion. When candidates do well, estimates of their chances of winning
increase. When the candidates fare poorly, citizens report a corresponding
decrease in their estimates of the candidates’ chances of winning the nomina-
tion. This pattern of probability estimates does not follow an orderly cycle,
however; the pattern is considerably more complex—so complex that it is best
described as chaos. Chaos implies a deterministic structure in a nonlinear
dynamic process.
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I first demonstrate that cycles can emerge naturally in competitive nomi-
nation races. I then discuss the phase portrait, a technique designed to reveal
systematic patterns in over-time data. Applying this technique to a 1984 NES
study identifies a very complex, yet regular structure. The heart of the anal-
ysis is a demonstration that this time series is chaotic. After showing that
application of an alternative linear model fails to account for the complicated
dynamics in the time series, I conclude with some suggestions for extended
application of this technology to other data series.

The Emergence of Opinion Cycles in
Competitive Nominations

The empirical pattern of voter support for candidates as the presidential nomi-
nation race unfolds provides direct evidence of how a cyclical pattern in
public opinion may develop during the campaign. Figure 8.1 shows the vote
percentages received by Hart and Mondale in the 1984 Democratic race for
each election date. Where multiple races were held on a single day, as on
Super Tuesday, the results have been averaged over all races held on that day.

The graph presents three pieces of evidence about the dynamics of candi-
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date competition in presidential nomination races. First, winnowing, which
occurs as a result of competition (Aldrich 1980; Mayer 1987), appears to take
place early in the campaign, as those candidates who are not viable are
eliminated. This is inferred by summing the percentage of the vote captured
by Hart and Mondale. Second, the graph illustrates the concept of momen-
tum. For the three races following the Iowa caucuses (the first point on the
graph) Hart’s percentage of the vote climbs. Following Hart’s crushing defeat
of Mondale in Vermont’s nonbinding primary, the percentage of the vote Hart
wins begins a three election decline. As Hart’s electoral fortunes go into
decline, Mondale’s reverse. Third, as the nomination race progresses,
Mondale and Hart trade the lead a number of times. The predominant pattern
in the race is one of oscillation, indicative of the ebb and flow of electoral
fortunes in the race. This demonstrates that momentum works in two ways: it
can be positive or negative.

The oscillatory pattern can be demonstrated, first, with a simple model of
the process of winning votes (see Sprague 1976). Expectations of future
candidate performance in the nomination race are based on the past perfor-
mance of the candidate in electoral contests, weighted by the number of
contests or the number of delegates that remain to be won (Aldrich 1980;
Bartels 1988, 35-36).

Two versions of this model are used to illustrate these dynamics. The first
is unweighted and the second uses the percentage of the contests that remain
as a weight. This model (for Mondale) has the form

Mondale Percent of the Vote, = o + B8 - (Mondale Percent of
the Vote,_,). M
The parameters are estimated by OLS. The results establish that the percent-
age of the vote Mondale wins does oscillate about a limiting value. In the
unweighted model, the estimate for the lagged variable is —.389 + .22. The
constant term in this model is .49. The estimate in the weighted model is
—.409 * .19, with an intercept of .52. Both parameter estimates are negative
and the absolute value of each estimate exceeds zero but is less than one. The
time path for both versions of this model is an oscillatory trace that converges
rapidly to an equilibrium. Both demonstrate that oscillation in the percentage
of the vote a candidate wins can occur during the nomination race. However,
the pattern produced by the parameters is short-term, period-two oscillations,
a pattern not found in the original data.

A more elaborate model demonstrates the long-term oscillatory nature of
the election outcomes more convincingly. The traces for Hart and Mondale in
figure 8-1 show long-term oscillations rather than period-two oscillations or
an oscillatory convergence over time. Competition is an integral part of the
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campaign, so a model should account for the competition for votes between
candidates. Using only Hart and Mondale, a dynamic model of competition is
given by

AMondale, = B, — B,Mondale, + B,Hart,
03
AHart, = B; — BiHart, + B;Mondale,

where AMondale, refers to the difference in the vote percentage Mondale
received between time ¢ + 1 and time ¢, 3, is a constant, B, reflects the level
of difficulty campaigning plays in attempting to win votes by Mondale, and 3,
measures the threat Mondale feels due to Hart’s level of success in repeated
elections. B;, B;, and B; in the second equation are interpreted similarly for
Hart. This model closely resembles the Richardson model of arms races.
One equation can be eliminated by substitution (see Huckfeldt et al.
1982). This produces a second-order linear difference equation in one candi-
date in which the interdependent structure of competition is implicit. The
procedure is symmetric for the other candidate. The result for Mondale is

Mondale,,, = b, + b;Mondale,,, + b,Mondale,, 3)

where b, represents (B, — B,B; — B:BiBo), b, represents (1 + B, — B, —
B.B1), and b, represents (3,818, — B.B: — B.B) — Bo), so that equation 3 is
isomorphic to a regression equation with three parameters. The parameters are
estimated using OLS, as before. The results for Mondale and Hart are shown
in table 8.1. After estimation, the equation can be put in the homogeneous
form:

Mondale, ,, — b;Mondale,,; — b,Mondale, = 0. @

Using the quadratic equation, one can solve for the two roots of the equation.
These roots may both be real, repeated roots, or complex conjugates. These

TABLE 8.1. Estimates for the Second-Order
Dynamic Model

Candidate b, b, b,
Mondale 57 —-0.1020 —0.4188
Hart .35 0.4304 -0.2937

Source: 1984 Rolling Cross Section.
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are the only alternatives (Goldberg 1958; Huckfeldt et al. 1982). Substituting
the estimates from Mondale’s equation into the quadratic equation gives

— 2 — .
o = (.1020) = \/(.1(;20) 4-(4188) )

It is obvious that the sum under the square root radical is less than zero.
Hence, the roots are complex conjugates and the time path described by this
model contains long-term oscillations. The pattern is similar for Hart. For
particular values of these roots, the time path will show stable long-term
oscillatory motion (Baumol 1958). This implies that the competition between
candidates persists over time during the nomination race, an implication that
can lead to the media’s portrayal of competition between candidates as a horse
race (Brady and Johnston 1987, 184; Popkin 1991, 117-18). Campaign man-
agers for the candidates in the 1984 race agree that this race was one in which
the competition persisted and one in which the outcome was in doubt for some
time (Moore 1986, 56).

The outcome from this model resembles the time paths shown in figure
8.1, where neither candidate shows a simple oscillatory motion and the lead
changes several times during the primary season. This simple model may
provide some insight into the problem survey respondents have when asked to
estimate the chance each candidate in a large pool of candidates has of
winning the party nomination. The problem of accurately assessing the
chances of a number of candidates at a particular point in time is liable to be
quite difficult when the candidates are locked in a race in which the lead
changes a number of times (Bartels 1988, 320-23).!

The simple models explored in this section demonstrate that competition
between candidates can lead to fairly complex long-term behavior in the
nomination race. In this changing environment, where members of the elec-
torate are liable to switch their candidate preference ordering subject to the
results of recent electoral outcomes, forecasting the eventual outcome be-
comes extremely difficult. Preferences in one state are driven by recent elec-
toral results in another state. Issues become less important and electability
increases in importance (Brady and Johnston 1987). The Mondale campaign
discovered that even what is considered to be unshakable support can be
swayed in this fashion. Fifty percent of Mondale’s lead in Maine disappeared
between the New Hampshire primary and the Maine caucuses and this is
attributed to Hart’s early successes (Moore 1986, 76). The forecasting prob-
lem for campaigners is difficult, but it is precisely this difficuity that makes the
problem interesting, for campaigners and scholars alike.

I turn now to a method designed to analyze time series graphically and to
discover hidden patterns in the data that may not be revealed by other
methods.
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Revealing Systematic Patterns in Time-Series Data

The visual inspection of time-series data rarely reveals an underlying regu-
larity in the data. For one thing, the time series may be too short: patterns that
would be evident in very long series will not appear. For another, the level of
noise in the data may be large relative to the systematic movement in the
observations of the time series.

In this section, I offer a simple example to motivate a strategy that aliows
one to discover patterns in time-series data that might not otherwise be visible
due to the length of the series and to noise in the data. After demonstrating
how the technique works—and that this technique works when noise is
present—1I use it to investigate a time series constructed from the 1984 NES
Rolling Cross Section.

Analyzing Deterministic Data
Assume that a candidate’s mean thermometer rating among survey respon-

dents follows a regular long-term cycle during the course of the nomination
race. If such a cycle were present, it might appear as shown in figure 8.2. This
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figure was produced by graphing a two-dimensional linear harmonic function
that is centered on the value 50 percent and that ranges between thermometer
scores of 60 and 40 percent (see Hale and Kogak 1991). It is deterministic,
clearly periodic, and contains long-term cycles (the oscillations are greater
than period two). For the purposes of illustration, the function is graphed over
an interval of one year. The equation for the function is given by

AY, = a¥, + bX,
©
AX, = c¥, + dX,,

wherea = 0,b=1.0,c = —1.0, and d = 0, and the time interval is 1, 2, 3,
., 366.

To demonstrate that a cycle is present, a phase portrait is constructed.
The phase portrait is a graph that shows the long-term behavior of the time
series with time removed. Put another way, a phase portrait displays the
asymptotic behavior of a dynamic system. It is constructed by plotting the
values generated from equation 6 of X, against Y,.

This figure contains an ellipse and this ellipse is known as an oscillator.
An oscillator is an equilibrium solution that arises when a dynamic system
undergoes “well defined cyclic changes in time” (May 1974, 16). A similar
pattern of survey responses can emerge in a contest like the 1984 Democratic
race, where candidates swap the lead several times. If the system is perturbed,
as time evolution continues, the trajectory will simply orbit at a new level of
equilibrium.

This is an explicitly oscillatory phenomenon, and the example here is
based on a linear harmonic oscillator. The simple second-order models devel-
oped in the prior section have nonlinear solutions that produce oscillatory time
paths. The roots of the dynamic equations describing the percentage of the
vote Mondale and Hart won in the sequence of elections were complex conju-
gates. These roots have representations in the real plane as trigonometric
functions that mimic dynamical behavior similar to that shown in figure 8.3.

Analyzing Noisy Data

What happens when the system contains noise? Noise may enter the data
through measurement error, random response variation, sampling error, or by
unknown other means. Figure 8.4 shows the simulated time series of mean
thermometer scores with random variation about each point. The initial func-
tion is identical to the first part of equation 6, but random error has been added
to each observation of the time series. The random component of this series is
normal (u = 0, o = 0.025).

If the procedure of examining the phase portrait is adopted to study the
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dynamical behavior of this series, the technique is to plot Y, against ¥, , and
view the result (see fig. 8.5). Though it is known that an equilibrium is
present, simple random variation in the data masks it. The result is a hope-
lessly tangled mess.

A solution to the problem is a variation of a technique suggested by
Packard et al. (1980). They demonstrate a way to recover a strange attractor
from a time series. A strange attractor is an attractor that is not a cycle or
equilibrium point, but is stable in the sense that the trajectories of a dynamical
system remain nearby as the system evolves in time (Moon 1987, 267). These
attractors do not have ordinary shapes; they are not elliptical or circular in the
phase space. In part it is their odd shapes that earned them the name strange.

Packard et al. observe that any time series contains all the information
that went into creating it, even a series consisting of several variables. Thus,
one can use lagged values of one variable in the series to construct a phase
portrait and study the long-term dynamics of a multivariate time series. This
enables a sufficiently low-dimensional attractor to be revealed if one is pre-
sent. If a strange attractor can be revealed, then an equilibrium cycle can also
be revealed.
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Fig. 8.3. Phase portrait of average thermometer scores in a two-
candidate race
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Technically, this operation amounts to inserting a two-dimensional slice
into a higher-dimensional space and mapping all the points down onto
the plane. The result is the phase portrait. Some orientations of the two-
dimensional plane show more interesting views of the dynamics than others.

The problem with revealing the attractor is found in the orientation of the
graph with respect to the viewer. The data cloud in figure 8.5 is oriented from
lower left to upper right, similar to a person holding his or her hand a distance
of one foot in front of his or her eyes (as if the person were preparing to issue a
left-handed salute). From this angle, one can see the thumb and first finger,
but little else of the structure of the left hand. By rotating the hand so that the
thumb turns toward the floor, the entire structure of the back of the hand is
revealed. How can this idea be applied to the tangled structure that emerges
from a plot of Y, against Y,,, with error? Note that this implies a three-
dimensional attractor, for obviously a hand is not a two-dimensional object.

Nicolis and Prigogine (1989, 277) display an example of a technique that
uncovers a strange attractor by using the appropriate lag structure in a three-
dimensional representation. The key is that the lag structure used is that which
is appropriate. Experimentation is required to reveal the appropriate lag. The
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Fig. 8.5. Phase portrait for simulated thermometer scores with random
variation, Candidate Y only

identification of the lag structure proceeds as follows: use successively higher
shifts in the lag, defined as integer multiples of a fixed lag, 7(7 = mAr), where
m is an integer and At is the difference interval between successive samplings
(Nicolis and Prigogine 1989, 276). At is always 1 for maps such as are used
here (it differs from 1 only when the dynamical system is based on differential
equations and describes a step size for the numerical integrator in those cases).
m is an increasing index, 1, 2, . . . , n. This process leads to a set of discrete
variables Y, Y, i, - - ., Yige

Nicolis and Prigogine point out that “for a proper choice of 7 these
variables are expected to be linearly independent, and this is all we need to
define a phase space” (1989, 277). All of these variables are derived from a
single time series, such as is shown in figure 8.4, and are provided by the
data. This procedure yields an experimental time series and it provides the
data to transcend the one-dimensional space of the original (univariate) time
series and to “unfold the systems’ dynamics in multidimensional phase space”
(Nicolis and Prigogine 1989, 277).

Figure 8.6 provides a graphic revelation of the structure of the attractor
known to be present in the noisy data representing the simulated thermometer
scores. Here the value of the thermometer score at time ¢ is plotted against the
thermometer score at time ¢ + 10. The tenth lag of the series has been used to
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Fig. 8.6. Phase portrait reconstruction of noisy thermometer scores,
revealing the underlying limit cycle

reveal the equilibrium cycle. It retains its elliptical shape. This is strong
evidence that this technique produces an insight that might otherwise be
masked by random variation or noise in a time series.?

Clearly, in order to illuminate fine structure in a dynamical system,
empirical methods may be required. What happens when these techniques are
applied to a time series of public opinion data? In the next section, the time
series used in the later analysis is described.

Construction of the Time Series
from Public Opinion Data

In 1984, the Center for Political Studies conducted a telephone poll of the
national electorate using a probability sample over a very long period. This
survey is known as the Rolling Cross Section. Although it has some draw-
backs, such as a fairly large sampling error (Allsop and Weisberg 1988), it is
the only national sample of its type. This analysis uses that portion of the
survey containing those respondents interviewed after January 11, 1984, and
before June 12, 1984. Those respondents were interviewed during the period
in which all primary and caucus activity took place.

The survey asked respondents to rate the chances of the various Demo-
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cratic candidates winning their party’s nomination. As Bartels points out,
most respondents failed to rate candidates’ chances as if they had probability
theory in mind (1988, Appendix A). Though Bartels used this survey for a
quite different purpose, I make use of his coding scheme, which measures
each individual’s perception of each candidate’s chance of winning the Demo-
cratic nomination (1988, 322-23).

The individual responses were averaged according to the date of the
responses. This results in a measure of the perceived mean daily probability of
each candidate’s chance of winning the Democratic nomination.

In order to see if any interesting dynamical patterns were evident, I
smoothed the data using a five-day moving average. Smoothing a time series
that contains noise may allow a cyclical or otherwise interesting pattern to be
identified visually, if one is present. Smoothing reduces, but does not elimi-
nate, the level of noise in the time series.

This time series is shown in figure 8.7. The graph shows the smoothed
mean probabilities that Mondale, Hart, and Jackson will win the 1984 Demo-
cratic nomination over the span of the nomination period.3

The phase portraits suggest that the dynamics of these time series are not
regular or oscillatory. Instead, the phase portraits reveal what may be a
strange attractor resembling the Lorenz attractor from climate dynamics
(Lorenz 1963; Schuster 1988). Strange attractors have so far been identified
only in chaotic dynamical systems (Schuster 1988). The identification of this
type of structure underlying the dynamics of public opinion is important
because of the implications this has for forecasting the outcome of nomination
races as well as the study of change in public opinion over time generally
(Huckfeldt 1990).

The Lorenz attractor is a strange attractor and the Lorenz equations have
all the identifying characteristics of chaotic behavior: the motion is highly
erratic, the attractor is contained in a bounded region in the phase space, and
the dynamics display sensitive dependence on initial conditions (Lorenz
1963). Highly erratic motion means it is difficult to tell, a priori, exactly what
value the next observation in the series will take on, even when the equations
governing the behavior of the system are known. The dynamic behavior of the
series is contained in a restricted region of the phase space. Being bounded
means that the series does not diverge toward + over time. Sensitive depen-
dence on initial conditions is a property of nonlinear systems. It is defined as
“separating initially close trajectories exponentially fast in a bounded region
of phase space” (Schuster 1988). In practice, this means that two nearby
points selected as starting values for a dynamic system will separate exponen-
tially quickly over time as the system is iterated.

The dynamics illustrated in the phase space (chap. 2, figs. 2.10, 2.11,
and 2.12) meet two of these requirements: the attractor is contained in a
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Fig. 8.7. Probability of winning the 1984 Democratic nomination (all
respondents)

bounded region in phase space and the motion is erratic. The governing
equations for the system used in this analysis are not known, so it is impossi-
ble to tell, given the information presented thus far, if this series displays
sensitive dependence on initial conditions.

However, if this system can be shown to be sensitively dependent on
initial conditions, then it is established that public opinion measures of the
mean likelihood of candidates winning their parties’ nomination are very
probably unpredictable far in advance. This is disconcerting, not because
forecasts may be slightly off from time to time, but because forecasts may be
completely wrong between two adjacent polls only narrowly separated in
time. This means that pollsters may predict the wrong candidate winning
elections. This has occurred in recent nomination races. James Johnson,
Mondale’s campaign manager in the 1984 race, relates that

we did a poll [one week prior to the New Hampshire primary] of our own
people in the straw poll, and it was 50-50 with Hart. These were people
who had signed in blood on October 1 that they were for Mondale until
death, and we were 50-50. (Moore 1986, 73)
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Peter Hart was Mondale’s polister in the 1984 race. His forecast of Mondale’s
support in New Hampshire was off by 50 percent. The electoral result in the
New Hampshire primary was a boost for Hart and tighter competition for the
Democratic nomination.

The 1976 Democratic race also provides examples. Morris Udall’s poll-
sters reported three weeks prior to the Wisconsin primaries that the vote split
was Carter 34 percent, (Henry) Jackson 24 percent, Udall 17 percent, Wallace
15 percent, and Undecided 10 percent. Udall desperately needed to win in
Wisconsin in order to stay in the race. This poll nearly forced him from the
race. Ten days prior to the election, another poll revealed a new mean prefer-
ence ordering between candidates among the public: Carter 34 percent, Udall
30 percent, Henry Jackson 15 percent. This poll, as well as the previous one,
was conducted by Peter Hart (Schram 1977, 126). The Wisconsin primary
results (the first primary in the 1976 Democratic race) were Carter 37 percent
and Udall 36 percent, with only five thousand votes separating these two
candidates (Schram 1977, 132). On the Thursday prior to the Wisconsin
primary, Carter’s pollster, Pat Caddell, reported that “the weighted results
stood at Carter 38%, and Udall 27%,” with 5 percent no-preference respon-
dents, who were expected to vote for Udall (Schram 1977, 133). This poll,
conducted only days prior to the election, is close to the true outcome.
The forecast error increases as the distance from the actual election date in-
creases.

This problem has obvious implications for theoretical political science,
as well as for practical politics. Can this series, or other similar series, be
shown to be chaotic?

The answer turns on the ability to determine if the phase portrait is a two-
dimensional slice of a higher-dimensional strange attractor with a positive
Lyapunov exponent. This attractor must have a fractional, that is, noninteger
dimension; no strange attractors are known with integer dimensions (Schuster
1988, 106). If it can be shown that the phase portrait is a snapshot of a strange
attractor with a positive Lyapunov exponent, then the dynamics of the un-
known equations of motion must display sensitive dependence on initial con-
ditions and the time series is chaotic.4

A demonstration of sensitive dependence on initial conditions in a time
series of opinion data has ramifications that extend far beyond this essay.
Nonlinear processes define the underlying structure of opinion formation if
the series can be shown to be chaotic. Forecasts of election results based on
opinion data will be unreliable unless the initial levels of public opinion are
known quite precisely. This condition is never met in practice. Linear models
are functionally misspecified and results from these models are suspect.

We must probe the dynamics with other tools that provide deeper insights
into the dynamics. One tool in common use is smoothing, which can help
reduce the variation in the observed series. Smoothing has problems of its
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own (see Schaffer et al. 1990). Another tool is spectral analysis, which can
uncover regularities in dynamical time series in the presence of considerable
noise. As this is the subject of a separate chapter in this volume I refer the
reader to it (see chap. 2). The time series in this chapter are analyzed in much
greater detail there. Smoothing and spectral analysis are both designed to
probe for periodicity in the time series. What is needed is to attack the
problem from another angle. Two techniques are available to probe the geom-
etry of the time series: the correlation integral and Lyapunov exponents.

In the next section I explain the construction and use of the correlation
integral. I also posit an alternative (linear, oscillatory) model and recompute
the correlation integral. I follow with an examination of the largest Lyapunov
exponent for the Mondale time series.

Measuring the Dimension of a Strange Attractor

This analysis uses the Mondale time series rather than data from the entire
three-candidate series.’ It is known that the shape of attractors in low-
dimensional phase space can be recovered using the phase space representa-
tion from an appropriately lagged univariate time series (Packard et al. 1980;
Nicolis and Prigogine 1989). This result allows the use of one series to
analyze the dynamic properties of the entire three-candidate series.

Some vector notation is required for the analytic procedure that follows:
X, represents a point in phase space with the coordinates for the point given by
the ordered n-tuple {X,,, Xo,—1> Xo,—2» - - - » Xo;—n}- Typically, one begins
with pairs of points, then moves into a three-space, and then continues into
higher-dimensional phase space. The analysis takes place in this subspace of
the N-dimensional space in which the original attractor lies (Packard et al.
1980, 712). It is a consequence of Takens’s theorem (1980) that this technique
works. The dimension of the attractor can be measured in a number of ways.
A measure that is computationally efficient for a discrete time series such as
this one is called the correlation dimension.

The correlation dimension is useful when one does not know the exact
dimension in which the attractor lies. It is an experimental measure that will
determine the dimension of the attractor numerically.

Based on the ordered n-tuple constructed above, a reference point x is
chosen and all distances |x; — x;| from the N — 1 remaining points in the series
are computed (Nicolis and Prigogine 1989, 278). These distances are arrayed
against various values of a radius 7 from the point X, in the phase space. This
process is repeated for all values of i. This computation calculates a correla-
tion integral. The correlation integral is defined as

N
C(r) = lim (1/N3?) ,"j2=l,0(r —|x - X; D, N

n—o

i#j
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where 8 is the Heaviside function, 8(x) = 0if x < 0and 6(x) = 1ifx = 0.6
The Heaviside function acts as a dummy variable, allowing one to count
points if they lie inside the radius, r. C(r) varies over the range 1/N2to 1. This
measure can be constructed using Euclidean distances or a non-Euclidean
measure such as the sum of absolute values of the component vectors (Moon
1987, 216). The former measure is used here. The fact that C(r) fails to vanish
measures the extent to which any one data point, X, affects the positions of
the other points (Nicolis and Prigogine 1989, 278). Hence the reference to
C(r) as the correlation integral.

This method is also known as the ball-counting method (Barnsley 1988).
Each point has a ball superimposed over it with radius r. All the other points
in the phase space inside this radius are counted and stored. The radius is
incremented until all points lie inside the boundary. This radius defines the
upper limit. The lower limit for a particular dimension is 1/N, for individual
points must occupy a unique address in phase space. This process is repeated
for a number of dimensions based on the construction of the ordered n-tuple
(XOH XOrfl, XO!—Z’ ot XOt—n)’

Despite the similarity in names, the correlation dimension is unrelated to
the statistical correlation coefficient commonly used in the social sciences.
The correlation dimension provides a quantitative description of the rate of
divergence of nearby points in the phase space, as opposed to the direction
and strength of association between two separate variables in a linear relation-
ship.

For many attractors, the correlation dimension is known to scale as a
power law function. That is,

Cr)y~rd 8

or, in other words, the dimension of the attractor is determined by the slope of
In C(r) versus In r in a particular range of r (Nicolis and Prigogine 1989;
Grassberger 1986). This relation is

InC(ry=d-Inr. 9)

The procedure then is to calculate C(r) for radii varying from zero to that
sufficient to cover all points in the phase space for successively higher dimen-
sions. The relation between In C(r) and In r can be seen graphically in figure
8.8, where the correlation integrals for dimensions four through ten are plot-
ted for the phase portrait of public opinion data related to Mondale’s chances
of winning the 1984 Democratic presidential nomination.

The slope, d, from equation 9 is estimated using bivariate regression
from the various dimensions over the regions in figure 8.8 that are approx-
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Fig. 8.8. Correlation integrals for the Mondale time-series dimensions
four to ten

imately linear. It is the range of linearity that allows the inference of the
dimension of the attractor. The slope is calculated for each dimension. If the
slopes reach a saturation point, that is, become parallel as the dimension
increases, then the saturation point is interpreted to be the dimension of the
attractor (Nicolis and Prigogine 1989, 279; Grassberger and Proccacia 1983,
196, Moon 1987, 233). Where the slopes fail to saturate and the correlation
integral scales according to the relation

InC@)=4d-Inn, (10)

where n is the dimension in which the correlation integral is constructed, the
dynamical process is understood to be Gaussian white noise. This relationship
is represented by a 45° line in the plane. This clearly differentiates the two
processes that might be expected. Evidence of the presence of a strange
attractor is given by a series of estimates for d that lie under a 45° line.
Figure 8.9 graphs the slopes for dimensions two through ten for the
phase portrait for Walter Mondale. The error bars show the range of standard
errors for the slope estimates. The slopes saturate or become parallel after
dimension five. The horizontal line drawn through the saturated values to the
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Fig. 8.9. Slope saturation in low dimension for the Mondale series:
Evidence of low-dimensional chaos in public opinion polis

vertical axis is the mean of the slopes for dimensions six through ten. This is
the dimension of the attractor. The value is approximately 3.58. Since this
value is noninteger, we make two inferences: the dynamics are governed by a
nonlinear process and the attractor is a strange attractor. This time series has a
fractal structure and it may be chaotic.

The dimension of the attractor is between three and four and is non-
integer. The next-largest integer value greater than the dimension of the
attractor—four—provides us with knowledge of the maximum number of
dynamical variables needed to model the behavior of the system (Schuster
1988, 128; Nicolis and Prigogine 1989, 279). The number of variables re-
quired to completely explain the dynamics of the entire system is less than the
number of candidates that ran for the Democratic nomination. This insight
provides another perspective on candidate viability in presidential nomination
contests. Unfortunately, no one has as yet devised a way to deduce which
variables are required for modeling the dynamical behavior, though some
imaginative ad hoc forecasting techniques have been applied with limited
success (Crutchfield and McNamara 1987; Casdagli 1989). These efforts have
thus far failed to recover the functional form of the original equations, even
where it is known a priori.
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The Correlation Dimension and the Effects of Noise

Noise can be the bane of statistical analysis. The survey used in this analysis,
the 1984 Continuous Monitoring Study, is known to contain more sampling
error than other National Election Studies (Allsop and Weisberg 1988). The
original survey contains about 11 percent error. In the construction of the time
series used in this analysis, the sampling error increases. The increase in the
error is approximately equal to the square root of the sampling interval multi-
plied by the original sampling error. The original time series used a sampling
interval of seventeen-day “weeks” in which the goal was to obtain two-thirds
of the interviews in the first actual week and use the remaining time to
complete the interview schedule (ICPSR 1984). The error in the collapsed
time series I use here is slightly more than .45.7 This is a large amount of error
for any analysis and the question naturally arises as to whether or not the
results in the prior section can be trusted to identify a deterministic component
in the system dynamics.

In this section I report the results of two Monte Carlo simulations on a
time series with known dimension, where progressively larger error has been
added to the system dynamics in an attempt to destroy the resolving power of
the correlation integral. The results show that the method is robust.

The Monte Carlo simulation uses the model constructed in equation 6 as
the baseline, with slight modifications. That model is a linear harmonic os-
cillator in two variables. It oscillates in the phase space, tracing a circle. A
circle is a closed line and a line is a one-dimensional geometric figure. Hence,
the dimension of the experimental time series is known. Equation 6 was
iterated 1,500 times to obtain a series of long length and the output was scaled
into the unit interval so as to be able to easily calculate the size of the error
component. Random normal error with known variance and mean zero was
added to each observation. Ten computations of the correlation integral from
the X-Y phase space were conducted for each level of added error.® Summary
results of this experiment are shown in table 8.2.

The results in the table show that this measure is robust in the presence of
a normal error component. The subset of the points used to estimate the
correlation dimension were selected using the method described by Chen
(1988). The linear region of the correlation integral is identified by plotting
the log of the radius, r, against the ratio formed by dividing the log of the
radius into the change in adjacent points in the correlation integral, that is,
plot [AC(r)/Alog(r)] - log (r). The linear region is identified as a plateau or flat
segment in the modified plot (see Chen 1988; Abraham et al. 1986; Moon
1987).° In the simulations run with 50 percent error added to each observa-
tion, the estimate for the correlation dimension is, on average, only 2.3
percent larger than the true dimension. This result is consistent with Schaffer
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TABLE 8.2. Monte Carlo Simulation of the Effect of Error
on Estimate of the Correlation Dimension

Beta Std. Error Error Variance Percent Error
1991 142 0.02 7%
.9944 222 0.03 14%

1.004 .258 0.04 18%

1.005 112 0.05 25%

1.016 71 0.06 30%

1.016 .247 0.07 42%

1.023 .269 0.08 50%

Source: Author’s computations.
Note: N = 1,500 for all cases, all entries are means, statistics computed over ten
runs.

(1988). The results in the table show that the standard error of the estimates
increases as the amount of error increases.

The simulation above is based on a time series of length 1,500. Next I
report the results of a second simulation where the error components remain
constant and the sample sizes increase. This shows the effect of noise in small
samples. Two runs are reported. The first has 15 percent error and the second
has 50 percent error. The series lengths are 200, 300, 400, . . . , 1,000, for
each run. Table 8.3 contains the results.

This simulation is based on one run per series. The results show that this
technique allows one to recover the known dimension of the linear harmonic
oscillator quite accurately with small sample sizes. These results are similar to

TABLE 8.3. Monte Carlo Simulation
of the Effect of Error on Estimate

of the Correlation Dimension with
Fluctuation in Sample Sizes

N 15% Error 50% Error
200 1.00 = 011 994 = 038
300 1.01 = .02 1.00 = 033
400 1.02 = .022 1.03 = 024
500 1.01 + .023 1.02 = 030
600 1.01 = .023 1.01 = .027
700 1.01 = .024 1.01 = 027
800 1.004 = 025 1.01 = .024
900 1.02 = .029 1.01 = .023

1,000 1.01 = .027 1.01 = .020

Source: Author’s computations.
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a simulation reported by Schaffer (1988) for the logistic equation with varying
sample sizes (see also Albano et al. 1987). In both cases the standard errors of
the estimates are larger with small sample sizes. The larger the sample, as
always, the more accurate the estimate.

The results of this simulation give added weight to the results from the
aggregate time series. The ability to recover the true dimension is not com-
pletely destroyed by having a short or noisy time series. Can the movement in
opinion in the primary period be explained by a simpler model? I test this
hypothesis in the next section.

A Test of an Alternative Model

It can be argued that the results derived in the previous section are the result of
some unknown nonlinear yet regular process similar to the example used in
equation 6, where the deterministic relation was based on a linear harmonic
equation. An even stronger argument might begin by positing that the ob-
served relationship is actually explained by a linear model. A test of an
alternative model is used to demonstrate that the empirical results detailed
above are not due to noise that happens to follow an unusual cyclical pattern.
When coupled with the Monte Carlo results reported above, this provides
further evidence for a low-dimensional deterministic process at work.

Experimental work on physical (Ben-Mizrachi et al. 1984; Ott et al.
1985) and economic time series (Scheinkman and LeBaron 1989) containing
an error component has revealed that the correlation dimension can be recov-
ered when noise is present in the data.

Ott et al. describe how an attractor’s volume changes with the addition of
an error component to a time series. If ¢, represents the error component of the
series, the presence of noise in a dynamical system “fattens up the attractor by
an amount proportional to g, (1985, 65). This can be seen by referring back
to figures 8.3 and 8.6. The equilibrium in figure 8.3 is “fattened” in figure 8.6
by the addition of the random error component.

This has the additional effect of further separating nearby points from
one another. In the context of calculating the correlation integral, this addi-
tional separation results in fewer points falling inside small radii, , which
means that larger and larger radii will be required to discover the upper limit
required to cover the entire set of points in the phase space. Noise has the
effect of increasing slightly the calculated dimension of the attractor using
the correlation integral (Abraham et al. 1986). The estimated slopes over the
correlation integral will, if the system is dominated by noise, fail to saturate.
Thus, in the presence of noise, the point at which the slopes of the various
correlation integrals saturate will be marginally greater than the saturation
point in a system without noise.
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However, if the level of noise fails to swamp the deterministic structure
in the data, the correlation integral will reach a saturation point and it is
expected that this point, measuring the dimension of the attractor, will exceed
the original dimension due to the increased proportion of the series that is
noise.

To illustrate this, an AR2 model was estimated for the Walter Mondale
series. An AR2 model is used because the time path of such a model can
contain an oscillatory component (Brock 1986). The residuals were computed
and used in a calculation of a second correlation integral (Brock 1986, 182—
84). The AR2 model explained approximately 45 percent of the variance. !0 If
the amount of noise in the data is at all large and the deterministic component
small, the expectation is that only noise remains to be used in calculating the
correlation integral.

It is known that the level of noise in the Rolling Cross Section is large
compared to other NES/SRC surveys of the electorate. Therefore, it is ex-
pected that saturation, if it occurs at all, should require testing across many
dimensions of the phase space.

The correlation dimensions were calculated for dimensions two through
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Fig. 8.10. Slope saturation in low dimension for the Mondale series
based on the residuals from an AR2 model
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ten, as before. Estimates for the slopes were derived as before, and are shown
in figure 8.10. The results clearly show that the deterministic component in
the data remains after use of the AR2 model. The correlation integral saturates
at approximately 3.70, the mean slope over the last five dimensions, and the
standard errors of these estimates overlap the standard errors of the slopes
based on the original Mondale time series.

The fact that the linear model fails to account for the deterministic
component in the model coupled with the repeated result of saturation in the
slopes over the scaling interval in the correlation dimensions based on the
residuals from the AR2 model is strong evidence that the time series contains
a nonlinear deterministic component. It remains to be shown that this series is
chaotic. Chaos is confirmed by the presence of a positive (>0) Lyapunov
exponent. The next section confronts this problem.

Lyapunov Exponents and the Presence
of Chaotic Dynamics

The evidence provided to this point indicates that the aggregate time series
constructed from the 1984 Rolling Cross Section may be chaotic. Confirma-
tion of chaos requires a positive Lyapunov exponent. Lyapunov exponents
measure the rate of divergence of nearby points during the evolution of a
dynamical system. This section discusses the technique of estimating
Lyapunov exponents from an experimental time series, shows that the tech-
nique is robust in the presence of large amounts of noise, and estimates a
positive Lyapunov exponent for the constructed time series.

Estimating Lyapunov Exponents from Experimental
Time Series

The Lyapunov exponent measures the rate of orbital convergence or di-
vergence in a dynamical system. Positive exponents indicate divergence and
chaos while negative exponents indicate convergence or stability (Wolf 1985,
1986). If the governing equations for a dynamical system are known, the
exponents may be derived explicitly and easily; hence, when the equations are
known, it is simple to determine if the structure of the dynamical motion is
chaotic or not. When an observed time series is all that one has, the problem is
much more difficult. The logistic equation is a useful vehicle for illustrating
the properties of a positive Lyapunov exponent.

The logistic equation with driving parameter r = 3.7 is known to be
chaotic. If we write the equation in the form

Xprp =7 X, (1 — X)) an
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and investigate error propagation using linear stability analysis, it can be
shown that nearby initial conditions diverge after only a few iterations. Fol-
lowing Wolf (1986), define the error in measuring x,, to be dx,,, so that
Xn+1 + dxn+l = f[xn + dxn]
T flxad + dx, - f'lx,]
dxn+1 = dxn : f,[xn]
=dx, - r(1 — 2x,).

(12)

If one uses the initial uncertainty, which amounts to a small measurement
error, one can write

n—1

ldx| - H ' (x|

i=0

x|

(13)

n—l1

ldxo| - T [r1 = 2xp)l.
=0

For any value of r, the uncertainty grows in time if the product of the local
stretching, |r(1 — 2x;)|, exceeds one. If equation 13 is consistent with

dx, = dxg - 20 (14)

the uncertainty grows exponentially fast. Here A is the Lyapunov exponent.
From this equation, one can easily see how convergence and divergence
occur. If A < 0 then nearby initial conditions converge exponentially fast.
This is the situation in a stable limit cycle with a perturbation. If A = 0 then
the dynamics are neutrally stable and nearby initial conditions remain sepa-
rated by the identical distance throughout the evolution of the dynamics. This
occurs in equilibrium cycles. If A > 0 then nearby initial conditions diverge
exponentially quickly and the system will display chaotic motion. Equation
14 requires that

n—

A = lim

n—x

1
1 '
~ 2 log, [ f'(x)] (15)
n =

i=0
Note that logarithms are reported in base two. In practice, this means that the
Lyapunov exponent, A, is reported in bits per iteration.
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Generally it is practical to estimate only the largest Lyapunov exponent
from an experimental time series (see Bryant et al. 1990 for an algorithm for
simultaneously estimating all Lyapunov exponents from a time series). Since
the Lyapunov exponents are simply generalized eigenvalues that give average
rates of expansion or contraction on an entire attractor, one begins the estima-
tion process by reconstructing the attractor as described above. After recon-
structing the attractor, one searches for points that are close to each other in
the phase space, but separated by at least one orbit. The two trajectories, the
fiducial and the test trajectories, are followed for a predetermined time inter-
val or until the distance between them exceeds some specific value (Schaffer
1988; Wolf 1986). Then one searches for another point close to the fiducial
trajectory (a new test trajectory) and repeats the procedure. In this way the
search process continues until the entire time series is exhausted. Some of the
paired trajectories will diverge and some will converge toward each other.
The average of the stretchings and contractions is taken at the end of the
process. This procedure describes Wolf ’s Fixed Evolution Time algorithm and
it has been used effectively to estimate the Lyapunov exponents for a number
of dynamical systems, including the logistic equation, the Rdssler equations,
the Lorenz equations, and the Henon map (Wolf et al. 1985; Wolf 1986).

As shown in equation 15 above, A is based theoretically on an infinitely
long time series. No experimental time series approaches this length, so a
question naturally arises regarding the relationship between the length of the
experimental series and the accuracy of the estimated Lyapunov exponent. In
table 8.4 1 show the result of an experiment based on the Henon map,! where
the length of the series from which the Lyapunov exponent is estimated
decreases from 500 to 50 observations. Wolf et al. (1985) report that as few as

TABLE 8.4. Computation of the Largest
Lyapunov Exponent for the Henon Map

N Exponent Time Delay Evolution Time
500 .4661 1 2
450 .4021 1 2
400 .3622 1 2
350 .4092 1 2
300 .4004 1 2
250 .4460 1 2
200 4737 1 2
150 .3692 i 2
100 4511 1 2
50 .3852 1 2

Source: Author’s computations.



L. Douglas Kiel and kEuel Elliott, Editors
http://lwww.press.umich.edultitleDetailDesc.do?id=14623
The University of Michigan Press, 1996

190 Chaos Theory in the Social Sciences

128 points were needed to calculate the largest (positive) exponent for this
attractor to within 5 percent of its value. Hence, the data requirements appear
to be less rigorous here than for the computation of the correlation integral.

Note that the estimates for the Lyapunov exponents are consistently
greater than zero. In this simulation I used one time series and drew increas-
ingly short samples from it in order to compute the Lyapunov exponent. Wolf
et al. (1985) report on similar experiments for a number of other attractors: the
Rossler attractor, the Lorenz attractor, hyperchaos (a 4-D variant of Rossler’s
system), the delay differential equation, and others. Their resuits indicate that
the data requirements for difference equations are far shorter than for systems
of differential equations. The time delay is the lag used to construct the phase
portrait. Evolution time refers to the number of iterations of the fiducial and
test trajectories at the end of which the paired trajectories are measured.

Noise in the data poses no problem here. While adding noise to every
observation fattens up the attractor, noise of the standard normal variety
moves points about in random, equiprobable directions. When computing the
Lyapunov exponents, these variations tend to cancel out and the resulting
estimates remain positive and far from zero. This is demonstrated in another
simulation by constructing a new time series based on the Henon map but in
which a large random error component is added to each observation. The error
amounts to 50 percent. The results are shown in table 8.5.

These results indicate that error does not interfere greatly with the struc-

TABLE 8.5. Computation of the Largest
Lyapunov Exponent for the Henon Map
with 50 Percent Error

N Exponent Time Delay? Evolution Time®
500 4057 1 2
450 .4944 1 2
400 .3760 1 2
350 4236 1 2
300 .3762 1 2
250 .3555 1 2
200 .3280 1 2
150 4640 1 2
100 4354 1 2
50 .3371 1 2

Source: Author’s computations.

aThe time delay is the lag used to construct the phase portrait.

bEvolution time refers to the number of iterations of the fiducial
and test trajectories at the end of which the paired trajectories are
measured.
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ture of the attractor and if chaos is present it can be detected. Table 8.5 is
based on an error component that exceeds the error component in the aggre-
gate time series based on the 1984 Rolling Cross Section. It seems reasonable
to proceed on the assumption that if a positive Lyapunov exponent exists in
the time series of candidate chances, it will be detected.

Application to the Constructed Time Series

The correlation integral informs us that the dimension of the attractor for the
Mondale (and the Jackson) time series is between three and four. We make use
of this information in the computation of the Lyapunov exponent by comput-
ing the magnitude of the exponent for a range of evolution times and time
delay reconstructions of the attractor for dimensions three and four. In this
case a small amount of information can dramatically reduce the amount of
work necessary.

The time series I have constructed is based on daily data. It is a mapping,
like the Henon map used above. Hence the appropriate time delay for recon-
structing the attractor is one, just as for the Henon map or the logistic map.
What must vary is the evolution time for each choice of dimension. If the time
series is chaotic, we must expect that all of the Lyapunov exponents computed
with the fixed evolution time algorithm will be positive. The results are shown
in table 8.6.

All estimates exceed zero, hence this time series is chaotic (Moon 1987,
191-92; Wolf et al. 1985; Ruelle 1989; Baker and Gollub 1990).12 This
evidence also is an indication that the evolution of public opinion during the
1984 presidential primary season is sensitively dependent on initial condi-
tions.

TABLE 8.6. Lyapunov Exponents for the Mondale Time Series,
Dimensions Three and Four

Evolution Time Lyapunov Exponent (3) Lyapunov Exponent (4)

2 0.1739 0.1255
3 0.1722 0.1350
4 0.1837 0.1202
5 0.1150 0.0871
6 0.1096 0.0833
7 0.0633 0.0826
8 0.0549 0.0493
9 0.0806 0.0445
10 0.0683 0.0862

Source: Author’s computations.
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In this result we find the reason that shifts in public opinion can occur in
dramatic fashion. The Lyapunov exponent is interpreted as a loss in predictive
power measured in bits per iteration. Large exponents, such as for the logistic
equation with driving parameter equal to four, where the Lyapunov exponent
is one, mean that one bit is lost each iteration. If one measures with eight-bit
accuracy, all predictive power is lost after eight iterations.

By choosing the exponent for dimension four and a time evolution of
two, we see that one bit is lost after thirteen iterations (days). Extend this to
six months and the result reported by James Johnson (in Moore 1986, 73),
Mondale’s pollster in 1984, is clear: the predictive power has been lost as
people switch their candidate preference ordering. Effectively, such a long
forecast may as well be a roll of a probability die.

Because the exponents in the Mondale series are relatively small, only a
small amount of information is lost per iteration. The effective result is to
allow longer forecasts with greater accuracy and this effect is reflected in the
poiling done by the Udall campaign in 1976 (Schram 1976, 126, 132). We
know that forecasts made close to an election date are more accurate than
those made long before the election. The presence of positive Lyapunov
exponents explains why that result occurs.

Conclusions

Radical opinion shifts can occur in a short period during primary election
campaigns. This has been demonstrated with the Mondale time series con-
structed from the 1984 Rolling Cross Section NES survey. These shifts in
opinion can be induced by a response to the competition between candidates
for convention delegates.

The concept of momentum is important here. Momentum can be positive
or negative (or zero) and the full range of possibilities is shown in the time
series used here. Mondale won in lowa, but Hart did better than expected and
reaped the electoral benefits in later elections. In New Hampshire, Maine, and
Vermont, Hart captured ever-greater shares of the vote. Mondale began to
recover on Super Tuesday and he then captured the higher percentage of the
vote in a sequence of elections. This long-term oscillatory pattern persists
throughout the campaign and the electoral resuits affect public opinion forma-
tion, perhaps by altering individual candidate preferences reported in the
survey. The survey design unfortunately did not ask respondents whether they
had altered their perceptions of candidates’ chances of winning the nomina-
tion and each individual was only sampled once, so this hypothesis cannot be
confirmed. However, it seems very likely that respondents in this survey
reacted to electoral events in the same way that Mondale's deserters did—as a
reaction to Hart’s ability to win votes when he was not supposed to.
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What process is at work here? I show several linear models based on
simple dynamic models of the primary electoral process (see Aldrich 1980).
The first two illustrate that simple models cannot capture the rich dynamics
observed in electoral outcomes during the 1984 primaries. The last was posed
as an alternative to the hypothesis that the dynamics are governed by non-
linear equations. Each of these failed to correctly characterize the observed
dynamics. The analysis eliminates the linear model as an option when model-
ing the dynamics.

A nonlinear process is at work here. The presence of a positive
Lyapunov exponent is convincing evidence for chaos in this and any other
time series. As chaotic dynamics are associated with deterministic processes,
I am led to conclude that such a process is at work here. This should not be
surprising. Many time series, most notably economic time series, are thought
to consist of two components: a deterministic component and a stochastic
component. What this analysis shows is that the stochastic component may be
much less influential than previously thought.

The combination of the several tools in this analysis simplifies the
model-building process. We know how many dimensions are required to
model the process. The correlation dimension gives the upper limit on the
number of equations required to model the dynamics—four. The Lyapunov
exponent confirms that the equations must be nonlinear—no linear process
can produce chaotic behavior. The remaining problem—and it looms large—
involves deducing a plausible mathematical model of candidate competition
that reproduces the observed dynamics to within the error envelope.

Chaos has been confirmed by research in a number of disciplines outside
physics (see Holden 1986; Bai-Lin 1990; for a thorough review of the physical
evidence, see Jackson 1989, 1991). Biologists studying epidemics (Degn et al.
1987; Schaffer et al. 1986; Schaffer 1987; Schaffer et al. 1990) and population
biology (May 1974, 1983, 1987) have developed theoretical models that can
display chaos and have discovered empirical evidence that supports theory.

Economists show a keen interest in chaos. Studies of stock market dy-
namics are intriguing for the simple reason that if the stock market can be
shown to have a deterministic element, then the hope is that it can be con-
trolled or manipulated (see Brock 1986; Anderson et al. 1988; Boldrin 1988;
Brock 1988; Chen 1988; Eckmann et al. 1988; Casti 1989; Scheinkman 1989;
Scheinkman and LeBaron 1989; Brock et al. 1991). The article by Eckmann
et al. (1988) is particularly interesting, as it estimates a positive Lyapunov
exponent for stock market data on gold futures prices. The magnitude of their
estimate is comparable to the one reported here for public opinion over time.

Where should political scientists search for chaos? Whenever one has a
time series the possibility exists that the underlying governing equations are
nonlinear. For example, the political business cycle is a good candidate for a



L. Douglas Kiel and kEuel Elliott, Editors
http://lwww.press.umich.edultitleDetailDesc.do?id=14623
The University of Michigan Press, 1996

194 Chaos Theory in the Social Sciences

nonlinear dynamical process precisely because no one can find a cycle. In-
stead, what is found is a pattern of aperiodicity very similar to what is found
in economic, biologic, and physical systems exhibiting chaos. The political
business cycle links the president’s popularity with a number of dynamic
variables, each of which can be described by a separate equation (Hibbs
1987).

Presidential performance, as measured by the number of bills sent to and
passed by Congress, provides a discrete time series that may be analyzed with
these methods (Hammond and Fraser 1984). Additional work can be done on
the nomination process (see McBurnett 1990, 1991). We need not confine our
efforts to presidential nominations; Congressional as well as lower-level races
should provide fertile ground for research. Perhaps a systematic set of govern-
ing equations may be discovered that operate across many electoral leveis.

The search for the underlying equations of motion that govern the behav-
ior of the nonlinear systems is an area of intense research activity (Crutchfield
and McNamara 1987; Casdagli 1989). Only recently have researchers discov-
ered how to recover the structure of the governing equations from real data
(Mees 1992). This topic is beyond the scope of this paper but clearly it is the
next step in the analysis. We may need to adjust our perception of the viability
of the linear model as a research tool. Linearity is rare in nature; the norm is
the nonlinear model (Devaney 1986; Casti 1988).

The techniques described and used in this paper are simple to apply,
require little subjective interpretation of the results, and use no a priori knowl-
edge of the structure of the dynamic to be investigated. The results from one
analysis can be used to narrow the range of approaches taken in later analysis
of the same time series. The results are conclusive, whether the result is a
confirmation of chaos or not. I suspect that many models will be replaced with
a deeper understanding of the dynamical structure that exists in much of
political behavior that changes over time.

NOTES

The present version of this chapter is much improved thanks to the insightful
comments and critique of Courtney Brown, Thad Brown, Jim Kuklinski, Mike
MacKuen, Steve Seitz, Seymour Sudman, and Dina Zinnes. Remaining errors should
be attributed to the author. The data used in this paper were made available by the
ICPSR. Neither the original collectors of the data nor the ICPSR are responsible for the
interpretations made.

1. This is also a serious problem for campaign managers and candidates. The
candidates rely on accurate professional polls that correctly identify the issues voters
believe are important. These data aid the candidates in the formation of policy state-
ments in their attempt to sway voters into their camps. When, unexpectedly, one
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candidate begins to do “better than expected” according to election results, voters in
future elections may change their allegiance in favor of a candidate who is overtaking
the front-runner. This occurred in the 1984 Democratic nomination contest, and
Mondale’s and Hart’s pollsters documented Hart’s surge in popularity after the lowa
caucuses as well as his later decline (Moore 1986, 61-96).

2. Though the attractor is clearly visible using the tenth lag of the time series, it
appears with lower order lags. Experiments indicate, with this simulation, that an
identifiable limit cycle emerges using as few as three lagged observations. The tenth
lag is used here so as to make the structure obvious. In practice, a sequence of graphs
might be used in which the lag structure is advanced by one unit of time per graph.
Thus the attractor, if it is present and of sufficiently low dimension, will quickly
become recognizable.

The elliptical shape of the attractor is partly a consequence of geometry and the
aspect ratio of the graphic display. If one can determine the period of the cycle, use it
(or the closest integer value) to set the lag, and plot ¥, against Y, , ..io4, the result will
be a circle. Elliptical distortion, if any, will be due to a problem in the aspect ratio in
the output device. This also suggests a one-step method to identification of low-
dimensional attractors if the governing equations are known a priori.

3. In the analyses to follow, the dynamics of these time series are probed in the
phase space. To see how the phase space provides information on the dynamics of
these particular series, I refer the reader to chapter two of this volume, where I discuss
the spectrum for the time series, and the accompanying figures contained therein (figs.
2.10, 2.11, and 2.12).

4. According to Schuster (1988), “all strange attractors that have been found up to
now in dissipative systems have fractal Hausdorff dimensions.” A dissipative system
is one in which the volume of the attractor shrinks, but not necessarily uniformly in all
directions. Further, “the property which makes the attractor strange is the sensitive
dependence on initial conditions,” which means that the dynamics have a positive
Lyapunov exponent and this is a quantitative measure of the stretching and shrink-
ing of the volume of the attractor as the motion evolves on the attractor. In short,
Schuster’s claim is that no strange attractors exist that do not also display chaotic
dynamics by virtue of the fact that fractal dimension and positive Lyapunov exponent
are inextricably intertwined. However, a pair of mathematical counterexamples have
been constructed of strange attractors that are not chaotic. These examples are contin-
uous time models (Grebogi et al. 1984). No counterexamples are found in discrete
time.

5. It does not matter which of the series is used; the results are the same. This entire
analysis was first conducted with the Jackson series and then replicated with the
Mondale series, on the suggestion of a reviewer. The results are the same.

6. The correlation integral is only defined in the limit. As no experimental time
series approaches this length, it is customary to assume that the available data are
sufficient to support the necessary computation. 1 make this assumption here. Some
guidance as to the necessary length is available (see Abraham et al. 1986).

7. Ithank Seymour Sudman for his help in deriving the nature of the increase in the
error in my construction of the time series.

8. The use of both variables in the computation of the correlation integral speeds up
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the process considerably by reducing to one (from six or more) the number of dimen-
sions over which the calculation of the correlation integral takes place. This technique
(see Ben Mizrachi et al. 1984) is exactly equivalent to the procedure described in this
paper and the dimension estimates are the same. For example, using the technique
described in this paper, I estimated the dimension of the linear harmonic oscillator
using the time-delay method in a series of two hundred data points with no error and
the result was a set of six slope estimates of 1.00 with error less than 8.9e — 9 for each.
With 20 percent error added to the original series, the estimate for the correlation
integral converged to 1.008 = 0.031 at the reconstructed five-dimensional phase
space. Because the multidimensional correlation integral is easier to interpret in the
context of the simulation, its use and the results are reported here. There is no
difference between the two measures. The results reported here are available from the
author.

9. All techniques presently available that allow a determination of the linear region
of the correlation dimension integral involve some intuition on the part of the re-
searcher. The main question, and it has yet to be resolved, revolves about identification
of the linear region. This technique tends to maximize the fit of the regression as
measured by R2.

10. Solution of the resulting difference equation reveals no oscillatory motion. This
does not detract from the results that follow.

11. The Henon map is given by the coupled difference equations

X,\y=1—aX2+7Y,

Y, = bX,,
where a = 1.4 and b = 0.3, and X; = ¥, = 0.5. This map is the two-equation analog
to the logistic map.

12. All exponents remain positive when this table is extended to include evolution
times up to thirty.





