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CHAPTER 11

Cities as Spatial Chaotic Attractors

Dimitrios S. Dendrinos

Developments in the mathematical theory of dynamical stability and bifurca-
tion theory have considerably influenced developments throughout the social
sciences. Sources have been either the field of structural stability emanating
from catastrophe theory (see Thom 1975; Zeeman 1977), mathematical chaos
(see Lorenz 1963; May 1976; Guckenheimer and Holmes 1983; Thompson
and Stewart 1986; Schuster 1988; Devaney 1989), or the theory of fractals
(see Mandelbrot 1977; Peitgen and Richter 1986; Barnsley 1988). The above
are only a short list of basic references among many that have appeared over
the past 30 years in these fields.

Almost without exception, social science fields have been influenced by
these developments, including areas of study in archaeology, history, soci-
ology, demography, political science, geography, psychology, and economics.
In particular, the fields of economics (micro- and macroeconomics, including
economic growth theory, the theory of finance, business cycles theory, tech-
nological progress, international trade, and so on; see Anderson, Arrow, and
Pines 1988; Barnett, Geweke, and Shall 1989; Barnett and Chen 1990; and
Rosser 1991), and spatial analysis (geography, urban and regional analysis,
transportation dynamics and traffic flow analysis, and so on), have experi-
enced considerable impact from these mathematical advances.

Along with the considerable new (basic as welil as marginal) insight
gained by such applications, there has also been a revision of past claims in
social theory. To some, a call for reconfiguring the social sciences has
emerged from insights gained through these newly developed fields. But,
together with this call, the realization has settled in that there are, at least at
present, certain insurmountable practical as well as theoretical obstacles to
such reconfiguration.

This paper was written during spring, 1992.
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Contributions

At the outset, a few basic points will be made as to the magnitude of contribu-
tions to and extent of impact from applications emanating from nonlinear
dynamics into social sciences. Then, some remarks will follow, addressing
the question of the considerable drawbacks of developing a truly dynamic
social science at present.

Basic and Marginal Inroads

This is not the appropriate forum to survey all the areas where chaos theory
has made inroads or to fully assess the impact from or the value of these
contributions. Some of the papers in this volume do so in their own special
fields. Whereas in some areas, like those in spatial analysis and geography,
the contributions might be basic, in other areas, particularly in economics,
one may find the contributions made to date to be rather marginal.

In economics, the most credible of the attempts to exploit chaos (and
catastrophe) theory occurred when existing classical and neoclassical deduc-
tionist (causality-based) theories were modified to marginally change preexist-
ing (and widely accepted among disciples of current orthodoxies) assump-
tions. Such changes were offered as means of showing how chaotic dynamics
can arise from currently prevailing theoretical models, and thus enhance these
models’ utility.

There is another side to this coin, however. Marginal extensions of
currently accepted paradigms in economic analysis point directly to one of
their weaknesses, namely, that under slight but proper modifications in speci-
fication, these models can reproduce almost anything that the analyst wishes
to produce through theoretical deduction. A scientist might find such accom-
modations somewhat troublesome.

New Dynamical Features

The single most important contribution mathematical chaos has made is to
demonstrate the possible presence of new dynamical features in social sys-
tems that theoreticians had never addressed before. Until very recently,
aperiodic movement was an attribute of social science models to avoid and
quasi-periodic motion was never even conceived of.

Chaos theory showed that through such dynamics one can detect interest-
ing and novel insights in the behavior of social systems. It also supplied a
method to classify the various dynamical trajectories obtainable in phase
space and to catalog a large number of possible bifurcations.
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A New Type of Explanation

Mathematical chaos further suggests that periodic, quasi-periodic, and non-
periodic trajectories in the phase portrait of interdependent socioeconomic
variables can be generated by very simple dynamical equations. Chaos occurs
in dimensionally very low systems, where it most often has been studied.
High-dimensional chaos is still an elusive subject. Efficiently capturing
aperiodic motions can be accomplished with simple dynamical specifications.

Efficient dynamic specifications can be viewed as a new method of
explanation in the social sciences. Mathematical chaos highlights a topic first
addressed about twenty years ago with the advent of catastrophe theory and
the theory of structural stability. One can label this new type of explanation
reductionist. The example of this chapter is an exercise in reductionist expla-
nation.

It bears little correspondence to the prevailing causal or deductionist
explanation, or to the inner structure of the underlying socio-spatial complex-
ity. A social scientist may find reductionist specifications and inferential ex-
planation to have minimal economic interpretation and to lack any strictly and
currently prevailing disciplinarian meaning, for that matter.

For a good, but extreme, example of the issues involved in this argument
the reader is referred to the work by Mandelbrot (1977) and Barnsley (1988)
on fractals. Simple iterative processes depict in their phase portrait elements
that resemble clouds, plants and animals, shorelines, or exotic landscapes.
However, the iterative maps responsible for generating such images do not
hold explicitly in their formulation either the physics and chemistry of clouds,
the genetics and biology of plant and animal species, or the geology of coastal
lines and terrestrial (or extraterrestrial) landscapes.

These examples are extreme in the sense that the iterative maps respon-
sible for their images are indeed extremely efficient (in terms of state variables
and parameters they contain), but also totally devoid of any substantive mean-
ing or (deductionist or reductionist) explanation. They can accommodate,
however, a wealth of dynamical features. In the example to be presented in
this paper, it is demonstrated that an intermediate case exists involving reduc-
tionist explanation coexisting with model efficiency. Some parsimony is
traded off for explanation, while the variety of dynamical behavior is largely
preserved.

The requirement for efficiency and parsimony, and the need for obtaining
a comprehensive list of dynamical behaviors may pose some questions to
currently dominant social science theories. Both criteria were brought to the
forefront of social science discourse with dynamical modeling; the issue is
further enhanced with the advent of mathematical chaos.
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A need arises for a basic and not simply marginal modification to defin-
ing social systems and for establishing a single, all-encompassing, non-
disciplinarian dynamical social science frame of reference. This is a call for a
new and ambitious research agenda with potentially high rewards in descrip-
tive power, but at the cost of losing explanatory value of the deductionist type.

A theory that offers reductionist explanation, being a different type of
explanation than social scientists have been used to, may be considered a
severe shortcoming and may conjure criticisms by those with an incantation
for policy analysis. Widespread current dissatisfaction with the multiplicity of
and tenuous base for most policy-sensitive, behaviorally motivated social
science fields, where multiple deductive explanations vie for few followers,
tempers such criticism. Discounting of such fears may also be enhanced by
the fact that social science orthodoxies are ephemeral and do not commend the
recognition of relatively durable natural science theories. But this, being a
very involved and demanding subject, will not be elaborated significantly
here, although a bit more will be added later.

Difficulties

Next, a few comments will be made touching on the difficulties in setting up
and testing for a truly dynamic social science theory, currently perceived as
insurmountable.

Lack of Data

Chaotic paths in phase portraits of even the lowest dimensionality, such as
those found in the one-dimensional logistical prototype, require an enormous
amount of data to trace, calibrate, and test. Extremely few variables in the
social sciences are available at frequent enough time intervals to permit one to
do so at any degree beyond a rather rough level of accuracy. Most of the
variables with extensive time-series data are found in stock market or mone-
tary tables, in the field of finance. It is not surprising that the initial attempts to
find chaos and statistically test for it (through Liapunov exponent-based tech-
niques) in the social sciences occurred in that field.

Frequent Perturbations

In addition to the difficulties surrounding lack of data, social science variables
also suffer from many other ills. One of these ills has its source in the
restriction that social systems do not produce repetitive measurements under
experimentally controlled conditions. Perturbations of social science variables
are very frequent, irregular, and unexpected. Further, very rarely, if ever, are



L. Douglas Kiel and kEuel Elliott, Editors
http://lwww.press.umich.edultitleDetailDesc.do?id=14623
The University of Michigan Press, 1996

Cities as Spatial Chaotic Attractors 241

social systems comprised of identical components with highly homogeneous
behavior. These concerns raise issues of validity in statistical analyses in
social studies. Statistics are based on fundamental assumptions in probability
theory that may not be applicable to social science fields. The difficulty is
aggravated when dynamics are involved and temporal heterogeneity is added.

Specifically, the definition of and criteria for detecting what is referred to
as white noise present an added difficulty to the issue, since to separate white
noise from internal dynamics in socio-spatial variables is at present almost
impossible, even for dimensionally low-level social systems. On the side of
chaos, too, there are difficulties at present related to deriving a conclusive test
for detecting it. These difficulties create considerable impediments to deriving
a statistical theory of social systems dynamics, and they render testing almost
prohibitive.

Inaccuracy

When the dynamics of state variables are extremely sensitive to either initial
conditions or the magnitude of the model parameters, then serious questions
due to inaccuracy in measurements of state variables and in estimating param-
eter values arise in the social sciences. How inaccuracy in parameter estima-
tion techniques might, in the presence of quasi-periodic or chaotic dynamics,
hinder statistical methods is a topic still to be fully addressed.

Instruments, techniques, and methods of measuring social science data
(state variables) are highly imperfect. Fuzziness in measurement and multi-
plicity in perception of social data sets are often necessary conditions for
social planning, policy, and action. High resolution or sharpness in data sets is
not always feasible or efficient to obtain. It may even be undesirable.

Unresolved Issues

In the social sciences, theoretical advances in nonlinear dynamics are also
severely hampered by binding practical constraints. One of these is associated
with the level of disaggregation one can employ to analyze socio-spatial
systems. Social systems do not lend themselves, for numerous reasons, to
very fine levels of disaggregate analysis. Consequently, one may be forced to
deal with rather aggregate data. Coarseness in social data sets might wash
away interesting dynamics found at a finer scale, further inhibiting any
chances for advancement in empirical, as well as theoretical, work.

Finally, questions can be raised regarding the issue of fractal properties
in chaotic attractors associated with socio-spatial forms. Social systems take
up physical space and cannot be broken down to an infinitely small self-
replicating scale. Lower and upper bounds in the scale of human settle-
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ment activity, for instance, are due to the size of buildings and cities. The
presence of these bounds poses certain theoretical questions (unanswered until
now) to socio-spatial models producing chaotic outcomes with fractal dimen-
sions.

To conclude however, that social science ought to downplay mathemati-
cal chaos theory and its insights, and instead persist in learning from only
static, sharp, or stable dynamical models would be erroneous, and even per-
nicious. It would deprive the analyst of an ability to obtain intuitively appeal-
ing qualitative insights, simply because one lacks the comfort of very many
and accurate measurements. Such luxury may never be afforded the social
scientist, while the social agent is always confronted with a need to act. The
agent will always be either right or wrong in its speculative action; conse-
quently, the agent will be either rewarded or penalized. A mathematical
chaos-ignorant social scientist would not be an effective or desirable advisor
to the social agent.

The Universal Map of Discrete Relative Dynamics

Nonlinear interdependent dynamics capable of generating chaotic paths have
made salient contributions to the study of socio-spatial evolution over the past
fifteen years or so. They have supplied methods to comprehensively and
abstractly model the dynamics of socio-spatial systems. Even more impor-
tantly, they have provided a platform for some new and at times fundamental
ideas and novel insights to penetrate and subsequently permeate socio-spatial
analysis.

Among the various contributions made during the 1980s a universal map
of discrete relative socio-spatial dynamics was developed (Dendrinos and
Sonis 1990). It set the stage for a broad framework to emerge in describing,
analyzing, and modeling (i.e., simulating) abstract spatio-temporal processes,
and it is an experiment in reductionist explanation. The framework involved
abstract interdependencies among any number of competing stocks and loca-
tions under a nonlinear interdependent dynamics configuration, based on the
comprehensive notion of spatial relative comparative advantages.

So far, the various contributions made through the application of the
universal map of discrete relative dynamics have been confined to only one
type of formalism built into this map, namely the temporal evolution in the
relative size of interdependent but heterogeneous stocks as distributed among
a number of heterogeneous and interdependent locations. Under this configu-
ration, the phase portrait of the map was that of an abstract space depicting
dynamics in the relative size of stocks at different locations.

Physical as well as abstract stocks can be modeled in physical or abstract
phase space. The universal map can take any number of configurations, from
the simple one-stock, two-location to the multiple-stock, multiple-location
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specification, and generate their phase portraits. Qualitatively, the dynamical
features of the various phase portraits differ, depending on the model configu-
ration.

In what follows, the focus is on topics of interest to spatial analysts,
addressing interurban or intra-urban spatio-temporal allocation processes.
Formation of human settlements or communities is addressed, each with a
different temporal vintage. Dynamics of a variety of socioeconomic stocks
can be accommodated by the various configurations of the discrete dynamics
map used here. The abstract and general presentation that follows can be
employed by other social scientists, including economists, sociologists, de-
mographers, political scientists, psychologists, and so on, to simulate the
(spatial or nonspatial) dynamics of interest to their field of inquiry.

It may also be of interest to ecologists and biologists, in analyzing stocks
of animal and plant species moving and spreading in space-time. Further, the
method may also be of potential use to physical geographers and geologists
studying the anisotropy and heterogeneity (possibly spatially chaotic varia-
tion) of landscapes and geological formations. The method may also supply
insights into the spatio-temporal distribution of geological events (for in-
stance, the location of epicenters of seismic activity occurring over time along
fault lines).

Next, a few remarks will be made on the basic features of selected
configurations. Only a simple statement of the various configurations and
specifications of the iterative map wiil be shown, as the detailed analytical
exposition is found elsewhere (Dendrinos and Sonis 1990).

The Single-Stock Case

The central proposition of the universal map is as follows: at any time period,
t(=0,1,2,...,T), the relative size of a stock at some location within a
prespecified environment (consisting of a number of locations) can be simu-
lated (modeled or described) as being directly proportional to a prior level of
locational comparative advantages enjoyed by the stock in question at the site
in question. Locational comparative advantage is translated into a likelihood
or probability that a particular event will occur at a particular location.

A replication (or reproduction) force occurring at regular time intervals
is assumed to underlie the iterative procedure. For social stocks (as in the case
at hand), the replication procedure may be attributed to internal (i.e., among
the various locations within the prespecified environment) temporal realloca-
tion (or redistribution) of the stock(s).

In specific, for the case of a one-stock, multiple-location configuration,
the model is given by the following specifications:

Xt + 1) = FQUSF@; ij =12, ... ,1 (1)
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F() = Flx((Dx®), . .. x()] > 0. 2)

The discrete iterative map describes the dynamics of the relative distribu-
tion of the (homogeneous) stock at a location i (0 < x(r) < 1) within an
environment of / (heterogeneous) locations, so that at all time periods

Sx=11=0,1,...,T 3)

over a time horizon, T, which consists of time periods (or iterations), f,
identical in length. Quantity x is the probability that an event will occur at any
location, i, in /. Quantity F is the comparative advantage that any location, i,
in I has in attracting such an event.

The description of these dynamics is based on the premise that, under a
one-time period delay, a reproduction process is in effect; the relative size of
the stock at location i at the next time period, (¢ + 1), depends on the
normalized current locational comparative advantages given by the function
F«t). This is only one possible delayed response, as any time delay, n (or
periodic forcing, t+ + n) could be incorporated into the above dynamical
configuration.

Functions F depict nonlinear current locational comparative advantages.
Among other factors, these advantages are the result of interdependencies
among the current sizes of the homogeneous stock at the various locations;
more about the specification of these functions will be supplied later. A
distinction is noted in particular; equations 1-3, through their form, identify
interdependencies among stock sizes at the various locations and not inter-
action, that is, flow of stock(s) among them.

Without any loss of generality, equations 1-3 can be restated and scaled
in terms of a certain numeraire (or reference) location, I, as follows:

x(t + 1) = F@{1 + 3,FAn)
X+ 1) = {1 + SiF )} )

Fi) = FOIF0;j = 1,2, ... 1 — 1,

as F,(t) is a strictly positive quantity.

The One-Stock, Three-Location Configuration

Of special interest is the case of the iterative map depicting the discrete
dynamics of a single stock as distributed among three locations. It turns out
that this is a generic case involving all possible qualitatively different dy-
namics encountered in the one-stock, multiple-location configuration. De-
tailed specifications of this model are as follows (see fig. 11.1):
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x{t+ 1) = Fi(t)/Eij(t); Lj= 123 2x0 =1, (5)
InF() =IA; + 2,a;1nx; 6)

where the vector of the state variables, x(#), defines in the three-dimensional
space an equilateral triangle with sizes equal to the square root of 2.

The vector of (strictly positive) parameters, A, depicts in absolute terms
and in a descriptive and bundlelike manner the following prevailing condi-
tions at each of the three locations (among numerous other factors characteriz-
ing each location). First, it identifies the way in which the environment favors
or handicaps the location. Second, it picks up the presence and level (or
absence) of natural resources at the location in question. Third, it records a
pattern of accessibilities to markets (locational access as a place of origin for
trips) and to input factor sources (access as a place of destination for trips).
Fourth, it depicts the technological conditions prevailing there. How much
each of these factors contributes to each element in A is unknown, intractable,
and indeed irrelevant in this discussion.

In combination, all these factors affect production, consumption, market
(exchange and inter- as well as intralocational trade), and public decision-
making conditions, which in turn may entail advantages or disadvantages at
that location. These factors indirectly affect interaction and flow of stocks.

Whereas the matrix of real (i.e., any negative or positive) coefficients [a]
contains entries, each of which identifies in a bundlelike manner factors
directly associated with and affecting (facilitating or impeding) interaction
(including interlocational trade. and flow of stocks), these coefficients identify
comprehensive cross-elasticities of locational comparative advantages with
respect to stock sizes, since

(OF 19x)/(FIx) = a;. )

Within these cross-elasticities, effects of physical and other (ecological) dis-
tances are discounted. Parameters [a] could also be interpreted as comprehen-
sive (political, environmental, social, and not merely economic) prices of
interaction among locations i and j, where transportation (and other spatial
transaction) costs are also included. Elasticities exponents weigh the current
relative size of the stock(s) at different locations in the F function. Obviously,
the magnitude of each of these coefficients, as well as their sum in each of the
F functions, is of considerable interest, as will be discussed below.

In a hierarchy of speeds, the state variables, X, are the fastest moving
entities in this model. Following the so-called slaving principle (Haken 1982),
their behavior is thought of as being slaved by the parameters [a], which are
slow-moving entities, while parameters A vary even at a slower pace.
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Scaling the One-Stock, Three-Location Model

Taking location one as the reference (or numeraire) location, one obtains the
following repetitive or reproductive process based on comparative advantages
set in reference to the numeraire location, found by dividing the comparative
advantage functions, F;, by the comparative advantage function of location
one, F, > 0:

@+ D=1+ F@O+F0Ol=1—-—x¢+1)—xt+1) @&

x{t + 1) = Fy()/[1 + Fy(t) + F5(1)] ©)
x5t + 1) = F30/I1 + Fy) + Fa0)] (10)
In Fy(f) = In o, + o) Inx3(0) + ayy In xp(2) + ays In x53(0) an
In F5() = In A3 + o3 In X (1) + o35 In x(2) + a5 In x500) (12)
Ay, Ay > 0; —0 = 0y, 0, A3, 03, A3y, A3 =+, (13)
where
oy =a;—ayi=23 j=123 (14)
dy = AyA,, Ay = Ay/A,. (15)

In addition, and without any loss of generality, the above can be further
algebraically scaled by assuming that A; = 1 and that all q,; = 0, that is, by
assuming without imposing any restrictions on the model’s dynamics that
F,=1.

Configuring the discrete dynamics system of a single stock and three
interdependent (perfectly competitive in the case of relative dynamics) loca-
tions in such a manner supplies all the dynamical features recorded in the
nonlinear dynamics (mathematical) literature: a wide battery of bifurcations
(see Thompson and Stewart 1986; Devaney 1989) are encountered in transi-
tions from any state to another by crossing critical thresholds of distinctly
different dynamical behaviors. All possible events that can occur in two- or
three-dimensional maps (based on the horseshoe map, the hyperbolic toral
automorphisms, and the various forms of attractors; see Devaney 1989, 159)
do occur in this map as well. However, the topological properties of the map
wiil not be addressed here.

A complete menu of dynamics is offered, inclusive of fixed-point
(asymptotic or not, stable or unstable, cyclical, nodal, or saddle) attrac-
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tors/repellers, periodic movement and cascades of period-doubling cycles,
quasi-periodic (toroidal) motion, and finally aperiodic (chaotic) behavior. An
extraordinary variety of quasi-periodic motions, and numerous types of chaotic
movement (involving fractal and nonfractal, strange and nonstrange attractors
or containers) is present in this map (Dendrinos 1991a, 1991b, 1992a).

The discrete iterative process configured as a single-stock, three-location
case is universal because, first, the map’s menu of dynamical behaviors and
their list of bifurcations is comprehensive; and second, because the variety of
spatial patterns it can generate and thus describe is as extensive as any known
map. With the one-stock, three-location configuration of the multiple-stock,
multiple-location map, one has universality within universality in the discrete
iterative process.

The Muitiple-Stock, Multiple-Location Case

The configuration in this case, where one wishes to describe the interdepen-
dent evolution of many stocks allocated into many interdependent and inter-
acting locations, goes as follows:

Xt + )= F0/SF0;i=12,... Lj=12...J
(16)
S = Lj=12,....J.

Under this configuration, index i stands for locations and index j for stock type;
the functions F could be specified equivalently to those specifications given for
the case of a single stock and multiple locations. How this multiple-stock and
multiple-location case could be used will be briefly outlined later in the
chapter. However, since this configuration will not be used extensively in this
paper (which deals with only a simple case), not much detail will be supplied
here. The interested reader is referred to Dendrinos and Sonis 1990 for more.

The Universal Map and Physical Space

In what follows, the subject of evolution in the form of human settlements is
addressed. All movements and bifurcations in phase space of the universal
map of discrete relative dynamics have been interpreted so far as associated
with changes in the relative distribution of one (or more) stock(s) as found in
two or more locations. For example, human population could have been the
entity modeled (described) in the case of a single stock. Population, wealth,
and capital stock could have been the physical entities abstractly and compre-
hensively modeled in the case of multiple stocks, among two or more loca-
tions. Phase space in these iterative discrete dynamics has been abstract
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relative stock size space, and not physical space. Indeed, locations have been
merely represented by an index, i, i = 1,2, . . . [

Next, a different angle to the universal map is taken, whereby its phase
space is thought to be physical space. An attempt is made to describe the
formation and evolution of human communities or settlements comprehen-
sively in the form of spatio-temporal chains, or a series of points (sites)
inhabited by human population within a specific area. Sites have different
temporal vintage, some being inhabited before others. These chains are pro-
duced as either fixed stable and unique points; periodic, attracting, stable foci;
quasi-periodic, cyclically formed rings; or strange, aperiodically formed at-
tractors in physical space.

The settlement formation (chaining) process to be presented next de-
scribes the form of communities within urban areas and produces intra-urban
allocations in the shape of urban patches. It also describes the formation of
urban settlements within nations or regions, producing interurban allocations
in the form of urban strings. Hence, it can depict formation of microsettle-
ments of different vintages within metropolitan areas, as well as the rise of a
series of interconnected urban macrosettlements appearing as linked clusters
of urban agglomerations in the context of nations or even continents. Put in
slightly different terms, what is shown next is the formation of human settle-
ments (cities) within spatio-temporal niches. Patterns in the evolution of these
niches are also shown.

A question not often raised by spatial analysts is whether the formation
of settlements at particular sites in space is due to forces operating exactly and
solely at these sites or whether the appearance, growth, and extinction of
urban settlements at these sites is due to forces operating at a distance from
them. Obviously, there are endogenous as well as exogenous forces at work at
the sites in question, and the framework shown next is helpful in putting this
issue in a spatial (physical) context.

Spatial allocations of human population are influenced by the presence of
topographical features (such as rivers, shores, mountains, valleys, lakes,
etc.), climatic conditions, or man-made landmarks, such as highways. Alter-
natively, transportation arteries and corridors (in the form of rivers, shores, or
highways), can be looked at as spatial attractors or containers along which
human settlement activity periodically or aperiodically occurs.

One of the principles embedded in the spatial shaping of form emerging
from the universal map of discrete iterative dynamics is the following: spatial
form, which contains components of different vintage, is neither shaped nor
does it evolve in a locationally contiguous manner. Rather, it rises, transforms
itself, and disappears in a spatially discontinuous way. A broadly based prin-
ciple may underscore this finding: that spatial diffusion processes do not occur
through locational proximity, but rather through spatial ecological propin-
quity, which might involve spatial discontinuities (Dendrinos 1992b).
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Stock Allocation and Conventional Analysis: Statics

Allocation of a stock (for example, residential consumption or industrial
production activity) in a two-dimensional physical space (usually confined to
a triangle defined by points identified either as sources from which inputs
flow, or sinks toward which outputs flow) and based on economic agents
incurring some form of a spatial transaction (i.e., transportation) cost and a
set of spatially defined prices has been a long-standing problem in spatial
sciences. In spatial economics and geography, static long-run market (unique)
equilibrium (or welfare optimum) spatial allocations of economic (production
and/or consumption) activities have preoccupied analysts for more than a
century.

Most of this work is based on the (interurban) spatial economics of
Alfred Weber (see Friedrich 1929 and Isard 1956), to the extent that produc-
tion is concerned. Intra-urban, as well as interurban, allocation of a residential
or farming activity around a single point in homogeneous physical space
under isotropic transportation conditions is another closely related problem,
due to Von Thunen (see Alonso 1964). These classical problems in spatial
economics have preoccupied spatial analysts for decades.

The Alternative: Dynamics

A dynamic, much broader, comprehensive, rich, and abstract albeit descrip-
tive view of spatial allocations in physical space is supplied next. The context
in which the model can be applied is both the inter- as well as the intra-urban
scene. The method goes far beyond a mere reliance on (slow-changing) trans-
port costs and/or (fast-altered) spatial prices. There is no requirement that
unique, long-term static spatial configurations be generated. There is also no
need to explicitly model the vastly complex interdependencies and ensuing
interactions among a variety of spatial agents involved in shaping spatial form
through vastly complex consumption and production as well as market, ex-
change (trade), and governmental intervention mechanisms.

Instead, a small number of variables and parameters are chosen to effec-
tively model or mimic reality, producing a state of virtual reality, but not
reality itself. Interdependencies among these variables are captured in the
most general manner, attempting to describe a comprehensive menu of physi-
cal forms of human settlements. Deductive explanation, in the form of ex-
plicit behavior by the many agents responsible for these motions, is largely
absent from the analysis.

Many factors are embedded in the bundlelike parameters included in the
configurations of the universal map. They form the basis for a reductionist
explanation, which in turn is based on the notion of (fast-moving) locational
comparative advantages. A few comments on this central notion of compara-
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tive advantages seem warranted, in view of its rather confined definition and
use within the theory of international trade in economics.

Locational comparative advantages is a Darwinian-like notion in the
evolution of human settlements. Among other things, it calls for the survival
of the most advantageous of all spatial settlements, much like Darwin’s notion
of survival of the fittest among various animal and plant species. Embedded
within this assertion is Darwin’s principle of evolution of species through a
natural selection process. The process of selection acquires a broader frame-
work under the mathematical properties of chaos, as also does the notion of
Malthusian-type dynamics, a notion that considerably influenced Darwin
originally.

Selection involves processes of optimization and search for optima.
Questions regarding the optimization processes employed by social agents
individually and/or collectively (objective functions and constraints), and
numerous search mechanisms applicable thereon resulting in a variety of
locally (as opposed to globally) optimum outcomes in socio-spatial evolution
are not the concern here. Mathematical chaos may be capable of shedding
additional light on such socio-spatial processes, including processes equiva-
lent to those associated with neural nets, cellular automata, and processes
of evolution in genetics. But the central concern of this paper is much
more narrow, and such considerably more elaborate discussions are found
elsewhere (Dendrinos (with Mullally) 1985; Dendrinos and Sonis 1990;
Dendrinos 1992b).

Spatial Triangles and Their Antitriangle

Assume the presence of three interdependent points (nodes) of interest, defin-
ing an arbitrary triangular area. This triangle could be inside an urban area; it
could be formed by nodes found in a spatially extensive national landscape
among widely separated urban areas; or it could represent the area of an
island. Reconstructing a map of archeological remains on the island of Sicily
could provide a good forum to test the model, for example.

The problem is to derive a dynamic process that will generate a map of
human settlement activity, as it serially appears over a time horizon. Forma-
tion of spatio-temporal chains of human settlement activity inside the area of
the triangle is defined partly by the location of the three nodes and the forces
operating at them. Because the spatio-temporal chains are closely dependent
upon the exact location.of the three nodes delineating the area chosen to
reproduce the locational chains, choice of nodes is critical.

Where a settlement appears at a point in time is subject to two sets of
forces. Certain forces locating settlements at various points in the space
defined by the three nodes are exogenous to the specific location of the cities
(or city) inside the triangle and attributed to its nodes.

Other forces that affect settlement formation inside the triangle are those
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associated with the previous settlements. Within its borders an original state
of some human activity must be asserted. This initial condition affects the
location inside the triangle of the subsequent settlements; it constitutes
the endogenous force. As it turns out, the original state (initial location) of the
human stock in the triangle is critical for the dynamics of human settlement
formation at certain instances, whereas in others it matters little.

As a result of spatial attributes, heterogeneity of space, and the presence
of the initial stock at some point within the triangle, spatial interdependencies
appear. Interdependencies among the three points (nodes) involve forces lead-
ing to a net pull or push force attracting toward or repelling from these nodes
human activity during subsequent time periods. This net pull/push force is a
result of a tug-of-war between two opposing component subforces: attraction,
acceptance, and affinity demonstrated toward the (homogeneous) stock on the
one hand at a node or repulsion, expulsion, and hostility toward the stock at
another.

The three points (nodes) that define the spatial extent of the physical
space under consideration are located in a two-dimensional Euclidean physi-
cal space that is characterized by some form of spatial heterogeneity (or
anisotropy). These three points might be intersections of a network involving
transportation corridors of various forms (rivers, highways, ravines, etc.), or
peaks or valleys in contour maps of any kind (topographical, economic, or
any other type). Any social stock (say, human settlement activity) moving into
the triangle is subjected to normalized net repulsion from or attraction to
forces the three nodes of the triangle exercise on it. Before taking a look at the
details of these forces, the geometry of the problem will be addressed.

In a three-dimensional space the three normalized forces form a vector
lying within an equilateral triangle in R3 (fig. 11.1). This equilateral triangie
can be transformed into an orthogonal triangle with unitary orthogonal sides
by a mere projection into R2 (fig. 11.2). The original three points can repre-
sent, as already stated, any arbitrary Euclidean triangle in R? space (see fig.
11-Ala in app. A). Such an arbitrary triangle can be transformed into a
Euclidean right-angle isosceles triangie (see fig. 11-Alb in app. A); under the
transformation, proportionality in distances of any point inside the triangle to
its nodes is preserved. This problem and its associated proposition are pre-
cisely stated, demonstrated and proved in appendix A.

Hence, any triangle in R2 Euclidean space can be represented by a right-
angle triangle with unitary orthogonal sides (fig. 11.2) and by a one-to-one
correspondence, shown in appendix A, the orthogonal triangle can be trans-
formed into an equilateral triangle of the type shown in figure 11.1. A vector
in R2 identifies the location of a settlement in the transformed space, where
the point associated with that location is given by the coordinates (normalized
distances) from the point of interest associated with the origin.

Let us now revisit and broaden the interpretation of the universal discrete
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Fig. 11.1. The phase portrait of Fig. 11.2. The phase space in an
the map for the one-stock, three- orthogonal triangle

location case

map of relative dynamics. Since on the horizontal and vertical axis one
measures the transformed and normalized distance between the origin (an
arbitrary point among the three, say point P; in fig. 11.2) and one of the other
points of interest (P, or P,), then [1 — x,(£)] and [1 — x,(#)] represent the
normalized proximity of the settlement to the other two points of interest,
correspondingly. Whereas the distance x,(¢) is proportional to a net repulsion
force from the origin jettisoning the stock toward point P,, [1 — x,(O] is a
distance proportional to a net attraction force pulling the stock toward point
P,.

In R3, one can form an equilateral triangle based on forces of net repul-
sion, the triangle at the northeastern section of figure 11.A2 in appendix B.
Further, an antitriangle exists that corresponds to the original net repulsion-
based triangle. This antitriangle can be constructed from measures of prox-
imity based on the equivalent forces of net attraction, and it is the shaded
triangle found at the southwestern part of figure 11.A2. In appendix B certain
analytical properties of these two triangles are given.

Location as a Response to Attractive

and Repelling Forces

A unit of human settlement is assumed to have already been located at some

point within the space outlined by the nodes of the equilateral triangle in R3

(fig. 11.1). Thus, it identifies some original state (or initial perturbation) of

the system, and it is responsible for triggering a sequence of subsequent

spatial allocations, that is, a spatio-temporal chain of settlement activity.
Subsequent allocations are the result of either endogenous growth or net

in-migration, although this is a subject outside the scope of this chapter. A

temporal sequence of spatial allocations can be thought of as a sequence of
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points where new activity by the same stock locates. This is a process of
spatial colonization. The model could also be interpreted as simply represent-
ing a nomadic process, that is, a temporal sequence in the location of the same
stock unit.

Interpreting the universal map in physical space, one obtains a process
that generates spatial form as a single frame m, m = 1,2, . . . ,M. Each frame
corresponds to a particular set of parameter values, initial conditions, and
number of iterations (time periods), all of them constituent components of the
phase space. By consecutive changes in any of these elements, one obtains a
process that includes a temporal sequence of spatial frames (changes in the
spatial form, or phase portrait). In particular, a change in parameter values or
initial conditions can result in a new frame, m, potentially characterized by a
qualitatively different dynamic; that is, a different phase portrait may emerge
as a result of a bifurcation. This change constitutes the evolution in spatial
form principle.

In carrying out such changes in parameter values, a condition can arise
according to which the initial state of the new frame is the end state of the last
frame. This represents a last-point-out-first-point-in condition. A series of
frames, M, that does not obey this last-point-out-first-point-in condition is a
series that contains frames where the slate has been cleaned at the end of each
one and the initial state has been reset.

When each frame, m, corresponds to a particular set of parameter values,
frames change when parameter values change. How frequently these parame-
ters change must be related to the time horizon, T,,, of each frame, m. One
could suppose that the more frequently on the average a parameter changes,
the shorter the average length of the T,,’s.

By projecting the study’s areal triangle from R3 into R2, quantities x,(0)
and x,(0) become the physical location coordinates of the first settlement
(initial condition) (fig. 11.2). In cases of quasi-periodic or nonperiodic spatial
formations the initial location of the first settlement in the phase portrait is
significant. It loses its significance in case of periodic or fixed-point spatial
forms if the average length of the time horizon, T, is long enough.

The next human settlement in the temporal sequence of spatial alloca-
tions (chains) is assumed to occupy a particular point in the two-dimensional
physical space as a one-time-period delayed response to the conditions laid
out by the previous allocation, and in proportion to a force of net attraction
toward points P, and P, from point P; (the origin), given the original perturba-
tion. Stated differently, the next settlement locates at a point at some distance
away from the origin proportional to the current net repulsion force along the
two axes.

The above is the locational rule underlying the physical configuration of
the universal map of relative discrete dynamics. In the example that follows,
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only units of human settlement (say, an individual, a family, or any other unit)
are thought to be allocated on the basis of this rule. In case one wishes to
allocate at each time period a different quantity of a single human activity—
for example, a varying quantity of human population—then stock size must
be configured in the formulation; then the formulation will include two state
variables, one depicting location and the other stock size, as in the case of two
stocks and three locations mentioned above.

If one wishes to consider additional stocks—for example, capital and/or
wealth allocation in these spatial dynamics—then this is easily accomplished
by adopting a configuration capable of accommodating additional stocks.
Such configurations will not be elaborated, however, in this chapter. Only the
note will be added that such configurations supply the comprehensive treat-
ment of all land-use models found in the standard literature of spatial model-
ing. Land-use models involve dynamics, either directly or indirectly, by way
of long-run static (equilibrium or disequilibrium) solutions obtainable through
some form of an iterative process.

The magnitude of the net repulsion force from the origin along the
horizontal axis (and equivalently the size of the net attraction force toward P,)
is given by

Fi(t) = A fi0h(0f@0; e =0,1, ... .T, ¥

where A, is the level of relative environmental and access (due to the topogra-
phy and relative location within the landscape) favoritism toward location P,
and is constant over the time horizon, T, under consideration. Equivalently,
F,(#) is also specified.

Functions f depict location-specific and relative temporal comparative
advantages due to current interdependencies as a result of the current loca-
tional choice of a unit of human settlement; they are given by the specifica-
tions

Inf(n) = ay; Inx(0); j = 1,23 (18)

where coefficients a; depict net repulsion force elasticities of response to
normalized distance of the human settlement from three points of interest
(nodes) in reference to point P,, and also in reference to a numeraire location.

Exponents (coefficients), [a], act as weights of (sensitivity to) nor-
malized distance of the settlement from the origin along the two axes. They
identify positive (if a; > 0) or negative (if a; < 0) cross- or interspatial
external effects (externalities) in reference to the numeraire location. Coeffi-
cients [a] differ partly because of the heterogeneity of physical space. These
weights (elasticities) do not change within the time horizon, T, aithough they
may change faster than those in A. Parameters a; could be construed as
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ecological (comprehensive) prices directly responsible for interaction among
sites i and j.

The magnitude of these coefficients, individually and in their sum, is of
considerable interest. If an exponent is in absolute value greater than one,
then this implies considerable sensitivity in the connectance among two nodes
appropriately weighing the distance in question, and in reference to the nu-
meraire node location. In contrast, in the case of a magnitude less than one,
relative insensitivity must be present.

In each F, if the sum of the exponents exceeds one in absolute value then
one might consider the force F to be under increasing returns; whereas if the
sum is less than one then the force F is under decreasing returns to scale. This
horizontal sum depicts the effect of all nodes upon a specific node. Moreover,
if the exponents are summed vertically, then the effect a node has upon all
nodes is captured. Whether the sum is negative or less than one in absolute
value is also of interest.

If the sum is negative, then a competitive association must be inferred
between the node in question and its rivals (the other two nodes); on the other
hand, if positive, then a cooperative association must be present. If the sum is
less than one in absolute value, then one is confronted with a relatively mild
interaction among them. It is stressed that these characterizations apply to the
nodes and not to the actual location of the human settlement.

Further, it is underscored that spatial agglomeration or deconcentration
is not a force under these specifications (that is, a cause for or against concen-
tration of human settlements in space). Rather, it is the end result or the
impact from these spatial forces of net repulsion or attraction present within
the triangle at any time period, ¢. Both of these statements are to an extent at
variance with currently prevailing theories of settlement formation.

The problem thus is to derive a temporal sequence of unit human settle-
ment allocations within the triangle, due to either migration or endogenous
growth, and subsequently analyze their form. A number of cases will be
discussed next, indicative of the variety in form of spatial agglomerations one
can obtain using this generic algorithm.

Periodic, Quasi-Periodic, and Chaotic
Spatial Settlements

In what follows one must keep in mind that the phase portrait represents
transformed actual space. First, the case of a very efficient specification of the
map will be shown. It has only one or two parameters that are not either zero
or one (in absolute value) and is capable of generating periodic and quasi-
periodic (in the case of a single parameter), as well as chaotic (in the case of
two parameters) form. Then, a more complicated and less efficient specifica-
tion of the map will be shown. Its phase portraits will be derived in a very
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small neighborhood of the parameter space, where various types of chaos are
present. The case demonstrates the encompassing behavior of the universal
map in its capacity to generate and replicate human settlement variety (in the
shape of individual frames, or phase portraits) and their evolution.

Efficient Versions of the Map

Next, two sets of examples are presented. In the first set, the case of periodic
movement is shown in a specification of the map involving only one parame-
ter being neither zero or one in absolute value. How this periodic map is
transformed into a quasi-periodic one is demonstrated by a very short trip
along the dimension of a single parameter in parameter space. The second
case presents the shaping of spatial form as either multiring, quasi-periodic,
or chaotic motions and it involves a two-parameter specification of the map.

Periodically Derived Forms

First, consider the specification of the universal map of discrete relative
dynamics configured as a three-location, one-stock model in R? and specified
in the most efficient manner. An example of such a model is given by the
parameters

0 0 0 1
[al=] -1 —.1111 1 A=11 (19)
1 -1 0 1
where the initial state is neutral (x(0) = .333 . . . , i = 1,2,3). The iterative

process under this specification is as follows:
Inx,(t+ 1) = —In F(2)

Inxy(t + 1) = —Inx (1) — 1111 In x5(¢) + In x3(8) — In F(2)

(20)
In x50t + 1) = Inx) () — Inxy(1) — In F(»)

F(f) = 1 + x,(0)1xy(0)/x, (1) + x,(8)/ x5(2),

where x,(2) and x,(¢) are plotted in the phase portrait. In this specification there
is only one parameter, a,,, that appears to affect the system’s dynamics.
Location-node “one” is the reference or numeraire site. The returns to scale in
all elements of F (i.e., all three corners of the triangle) are approximately but
not exactly equal to zero, and the environment is neutral to all (as all elements
of A are equal to one). The dynamics are shown in figure 11.3, panel (a) and
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Fig. 11.3. Two examples demonstrating formation of spatial human
settlements (see text for parameter specification): (2) one-parameter
case: 4-period cycle; (b) two-parameter case: quasi periodicity.
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represent a four-period cycle spiraling from the center of the triangular space
(the initial state) toward four particular points very close to its sides. This
example may be modeling the formation of very stable, highly dense, small in
area, fortified frontier cities of the past.

Then, consider the very close neighborhood case of specifications, in-
volving two parameters:

0 0 0 1
[al=1} —.77.. =33.. 1 A=11 2n
1 —1 0 1

where the initial state is x(0) = .333 . . . , i = 1,2,3. This example can be
thought of as an evolution of the first specification through a change in only
two parameters, namely a,; and a,,. In this case the returns to scale are
exactly equal to zero at all locations (nodes), while the environment remains
neutral. The phase portrait is shown in figure 11.3, panel b, and it represents
the formation of a quasi-periodic motion (a rotating nine-period cycle) ap-
proaching (but never falling on) the three sides of the triangle including its
three nodes. Such a spatial form may be seen in, among other cases, traffic-
ways and traffic patterns of modern day metropolises. It is again noted that the
shape shown in figure 11.3, panel b is in transformed physical space.

Quasi-Periodicity and Chaos in an Efficient Specification

Consider the following efficient specification of the universal map of discrete
relative dynamics, involving two parameters and configured in its three-
location, one-stock case and interpreted as a physical space allocation of a
single stock in R2

0 00 1
f[al=}) -1 -1 0 A=1] 1073 (22)
1 _1 a33 1

where the neighborhood of varying the parameter a5 is 1.15 < @43 < 1.2 and
where the environment is no longer neutral (A, < 1). According to the above
specification, the vector in R3 (fig. 11.1) is

Inx,(t + 1) = —In F(@)
Inxy(t + 1) = —6.9078 — In x,() — In x,(¢r) — In F(¢)
(23)

Inx3(t + 1) = Inx; (1) — In x5(8) + a33 In x5(t) — In F()

F(t) = [(1 + 1073)/((Dx(D] + [y (Dx3(6))%3 (xx(1))].
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The physical space, in R? and in figure 11.2, is given by plotting x,(#) and
x,(#). Under the above specifications, the environment is handicapping point-
node P,, and the comprehensive access (interaction elasticity) depicting pa-
rameter a;; reveals the presence of internal increasing returns at the origin,
point P5, as a;; > 1. The returns to scale are negative at P, (F,’s sum of
elements of [a] is —2), whereas they are positive (but less than one) at Ps.

Two phase portraits from this example are shown in figure 11.4. In figure
11.4, panel a, the case of a multiring spatial form of settlements is shown
away from node P,. Such form can be detected in the location and areal size
of a number of cities concentrated within a subregion of the triangle under
consideration, thus producing some form of spatial dualism.

Figure 11.4, panel b, demonstrates a regime of spatial form generated
out of a chaotic motion. This can be seen in, among many other cases, the
suburbanization phenomenon, whereby a number of initially isolated settle-
ments are gradually joined by one (or more) spatially expanding core(s).

The two cases shown in figure 11.4 can be also construed as a set of two
successive frames involving a transformation of spatial form through a trip in
parameter space at a very small neighborhood of as;, as the intralocational
returns to scale there decrease very slightly. Evolution of spatial form is
depicted by this transformation. It is noted that the chaotic form in figure
11.4, panel b, has fractal properties.

In both of the cases shown in figure 11.4, the initial conditions are not
important with regard to the formation of the final form when vintage is
suppressed; however, they are extremely important to the sequence involved
in generating the final form.

Nonefficient Specifications

The following cases are presented as indications of the variety of quasi- and
nonperiodically derived spatial forms embedded in the universal map in R?,
as the map loses in efficiency. They are all found in a small neighborhood of
the parameter space of a five-parameter specification of the one-stock, three-
location configuration of the map at the point

0 0 0 1
[a] = 28 -1 ay |A=] 1 (24)
—1.11835 —2.28 -1 10-5

In figures 11.5 and 11.6 some spatial forms are shown, as phase portraits of
the dynamics corresponding to a set of parameter values for a, in the range
0.6 =< a,y; = 1. Figure 11.5 contains four cases of quasi-periodic motion,
whereas in figure 11.6 four cases of nonperiodic (chaotic) dynamics are
supplied.
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Fig. 11.4. Two examples of spatial human settiement formation (see text
for parameter specification): (a) multiple ring structure (a;; = 1.188...);
(b) chaos (a5 = 1.177 ... ).
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Transformation of a smooth ring into an edged but continuous line in
R2, which in turn is changed into a set of ringlets and back into a sharply
edged quasi-periodic structure is shown in figure 11.5, as the interaction-
enhancing coefficient a;, linking points (nodes) P, and P, increases. Spatial
forms in the shape of rings are not frequently observed in human settlement
formation processes. These must represent fragile spatial forms, not lasting
long time periods.

Bifurcations involving various types of chaos are shown in figure 11.6,
as the elasticity, a,,, increases further. The chaotic spatial allocations form a
Cantor-type dust cloud, with varying densities in space. All these chaotic
attractors have a fractal Hausdorff dimension (see Schuster 1988, 55) greater
than one. Their mathematical properties are topological rather than simply
algebraic, and they are: (1) sensitivity to initial conditions; (2) topological
transitivity; and (3) dense periodic points (Devaney 1989, 169).

In the transformations shown in figures 11.6, panels (a) through (d), a
number of chaotic spatial allocations and their changes are depicted as one
travels through parameter space. Specifically, figure 11.6, panel (c) picks up a
short-lived spatial form, whereby spatial consolidation and an increase in
densities is an intermittent event. Intermittent events are novel aspects of
dynamical behavior revealed through mathematical chaos; they point to the
possible presence of many but not long-lasting conditions of approximate
periodicity found in a sea of chaotic motions on trips through parameter space.

Chaotic dust clouds look very similar to spatially distributed human
settlements, particularly those found in early historical and prehistorical sites.
They also seem to mimic land-use patterns of preindustrial or early industrial
cities. Such forms are the outcome of laissez-faire-type market processes,
where the influence of governmental action and urban design is minimal in
individual social motions and actions.

The final, and maybe the most important, point to be made from these
examples is that recognizable spatial patterns (of human settlements in this
case) are equivalent to detectable order in chaos, as emerging from interde-
pendent nonlinear spatial dynamics. Spatial forms of later vintage may thus
simply be remnants of order in chaotically shaped earlier settlements. For
instance, waves and differential settlement densities can be depicted in the
examples found in figures 11.6, panels (a), (b), and (d).

Conclusions

Mathematical chaos has made considerable inroads into social sciences, rang-
ing from marginal effects in economics to possibly basic contributions in
geography. A brief commentary has been presented on the possibilities and
obstacles currently present in further applying dynamical analysis in social
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Fig. 11.5. Four examples involving more complex forms of spatial settle-
ments generated by quasi-periodic motion {see text for parameter spec-
ification): (a) a3, = .61 {regular ring); () a;, = .671 (edged ring); {c) a5,
= .68 (13 ringlets); (d) a;; = .70833 (ring).
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Fig. 11.6. Four cases of chaotic spatial settlements (see text for parame-
ter specification): {a) a;, = .78125; (b) a;, = .897917; (c) a5, = .9125;
(d) a5, = .941667.
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fields of inquiry. Within this context, a universal map of discrete relative
spatial dynamics, developed in the socio-spatial field, has been briefly dis-
cussed.

An extension in the capacity to interpret the universal map of discrete
spatial relative dynamics has then been presented. Appropriately transformed
physical space is seen as the phase portrait of the iterative process. A
number of quasi-periodic, nonperiodic, and periodic dynamics are considered
as the underlying mechanism giving rise to a variety of physical forms as
spatio-temporal chains of a time series of population allocations. An example
is given, involving human settlements of different vintages, as allocated
within a specified area of physical space confined by three points of interest.
Evolution in the physical form of settlements can then be studied as a case in
bifurcating behavior of nonlinear interdependent dynamics.

Statistical testing and verification of such model forms against actual
human settlement formations at various regions and subregions of the globe
and at various epochs seems to be a necessary next step. Tests of significance
involving both locational and temporal proximity of such chains to actual
sequences of human habitats (or other events occurring in a confined space,
ranging from epicenters of earthquakes along fault lines to points of riots in
urban areas and the allocation of buildings with different vintage along central
city roads) could considerably enhance this effort. It is pointed out, however,
that one ought not have high expectations in such statistical attempts for
verification when chaotic regimes prevail, beyond looking for rough qualita-
tive indications. A number of reasons are given for this.

Single-frame dynamics, corresponding to a unique set of parameter
values and initial conditions, are discussed as giving rise to physical form
corresponding to a particular chain of spatially distributed human settlements
and its evolution. However, superimposition of frames (simultaneously incor-
porating phase spaces corresponding to a range of parameter values and/or
initial conditions) could also be considered. Superimposition of spatio-
temporal chains is an interesting component in the definition, testing, and
interpretation of socio-spatial dynamics (see Dendrinos 1991a). It underlies
issues of structural stability of spatio-temporal forms. Future research along
these lines seems quite promising, indeed.

APPENDIX A: THE GEOMETRY OF LOCATION IN R2

The problem in this appendix is to define a transformation among two triangles,
triangle ABC in figure 11.Al(a) and triangle A'B'C’ in figure 11.A1(b), such that
there is a particular one-to-one correspondence between any two points (points D and
D') within them. The particular transformation under consideration is that specific
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Fig. 11.A1. An arbitrary triangle {a), and its transformation (b)

ratios of measures are preserved. Given the audience of this book, simple geometry
will be used to demonstrate the statements, instead of matrix algebra and topology.

For any arbitrary point in triangle ABC, say point D, one can identify the
following two ratios (parentheses stand for measure or length): (BE)/(EC) = a, and
(AD)/(DE) = b. With these two ratios alone, one can uniquely identify the location of
point D in the triangle ABC. One can now show that: (1) measures (BD) and (DF)
obey a specific ratio that only depends on the quantities a and b, as do the measures
(CD) and (DH); and (2) these ratios are independent of the form of the triangle ABC,
say the sine or cosine of each of its three angles or the length of its sides. In other
words, given any two arbitrary triangles, ABC and A'B’C’, to any arbitrary point D in
ABC one can assign a unique point D’ in A'B’C’ so that certain ratios are preserved.
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THEOREM. The ratios (BD)/(DF) and (CD)/(DH) are functions of only a and b.

PrOOF. Draw line FG paraliel to BC. Then (GD)/(DE) = (GF)/(BE) =
(GF)/a(EC) = (AG)/a(AE). Further, (AE) = (AD) + (DE) = (AD) +
(AD)[(b + 1)/b], and b = (AD)/(DE) = [(AG) + (GD)]/(DE) = (AG)/(DE)
+ (AG)/a(AE). Thus, b = b(AG)/(AD) + (AG)/a(AE) and (AG) = b/[b/(AD)
+ 1/a(AE)]. From the above one obtains: (AG) = (AD){{a(d + DV/[1 + a(b + 1]}
Now, one also has: (BD)/(DF) = (DE)/(GD) = (AD)/b(GD); since (GD) = (AD) —
(AG) = (ADX1 — [a(b + DI + a(b + D]} = (AD)Y/[1 + a(b + 1)], then the
previous expression becomes (BD)/(DF) = [1 + a(b + 1)1/b. QED.

The proof that the other ratio, (CD)/(DH), is also a function of a and b alone is
identical to the above and thus omitted. Hence, for a unique point in ABC specified by
the ratios a and b, one can locate in any other triangle, including the isosceles
orthogonal triangle of figure 11.A2, a unique point preserving certain ratios that are
functions of only @ and b. Instead of working with any triangle ABC, one can, as a
result, work with A'B'C’, that is, the phase portrait of the universal map in R3 as
projected in R2.

APPENDIX B: THE REPULSION TRIANGLE
AND ITS ATTRACTION ANTITRIANGLE

In the one-stock and three-location configuration of the universal map of discrete
relative dynamics, the phase portrait is contained in the positive domain of R3 and
confined by the shaded triangle at the upper right hand side of figure 11.B1, since

Sxn=1,i=123t=01,...,T

Such is also the case for the physical space interpretation of the one-stock, three-
location configuration of the universal map. In this case, the set of state variables, x,
depict normalized distances away from the respective nodes, the end result of local net
repulsion forces operating at the three nodes. Thus, this is a repuision triangle.

By forming the quantities ~x,(f) = [1 — x,(#)], i = 1,2,3, one obtains normalized
(but not relative) proximities to the respective nodes, so that their sum is equal to two.
As a result, one can find the iterative dynamics of the normalized proximities on the
shaded triangle located at the lower left-hand side of figure 11.A2. The triangle is
defined by the condition

Sxm=2,i=123+:t=0,,...,T,
in R3. This is an attraction of the antitriangle to the repulsion triangle shown above. Its

sides are equal to twice the square root of two. In it, the phase portrait of the
corresponding dynamics of attraction is contained; on this phase portrait the original



L. Douglas Kiel and kEuel Elliott, Editors
http://lwww.press.umich.edultitleDetailDesc.do?id=14623
The University of Michigan Press, 1996

Cities as Spatial Chaotic Attractors 269
Xt
1-X,(t) N
2 1 X(t)

anti-phase

portrait ~

phase portrait

1-X(t) X,(t)

A
1-X()

Fig. 11.A2. An equilateral triangle of repulsion forces in phase space
and its attraction forces antitriangle

dynamics from the repulsion triangle are blown up (exactly twice in size) and pro-
jected.

As distance from repulsion is given by the general (universal relative dynamic)
expression x{t + 1) = F ,-(t)/ZjF (D), proximity is givenby x,¢ + D=1 -x( + 1)
= [2,FOVIZ,F(). It follows that

'j
[Cxe + DVx(t + DI =2, F0;i = 1,2,3
Zx+ 1) = [Ex + DIE . F 01 = 2.

By specifying *x(t + 1) = 2xt + 1) = 2[1 — ~x(¢ + 1)], then one has:
Six+ 1) =2 x(t+1)=2.

Quantity *x/r) may be viewed as a measure of local push equal to twice the magnitude
of the local repulsive force operating at each node, i.





